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Three exceptions in the calculation of relic abundances
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The calculation of relic abundances of elementary particles by following their annihilation and
freeze-out in the early Universe has become an important and standard tool in discussing particle
dark-rnatter candidates. We find three situations, all occurring in the literature, in which the stan-
dard methods of calculating relic abundances fail. The first situation occurs when another particle
lies near in mass to the relic particle and shares a quantum number with it. An example is a light
squark with neutralino dark matter. The additional particle must be included in the reaction net-
work, since its annihilation can control the relic abundance. The second situation occurs when the
relic particle lies near a mass threshold. Previously, annihilation into particles heavier than the rel-
ic particle was considered kinematically forbidden, but we show that if the mass diA'erence is
—5—15%%uo, these "forbidden" channels can dominate the cross section and determine the relic abun-
dance. The third situation occurs when the annihilation takes place near a pole in the cross section.
Proper treatment of the thermal averaging and the annihilation after freeze-out shows that the dip
in relic abundance caused by a pole is not nearly as sharp or deep as previously thought.

I. INTRODUCTION

The calculation of the present-day density of elementa-
ry particles which were in thermal equilibrium in the ear-
ly Universe has become quite commonplace. ' Of particu-
lar interest is the so-called Lee-Weinberg ' calculation in
which annihilation after a particle species has become
nonrelativistic determines the present-day abundance of
that species. Standard approximate solutions to the
Boltzmann equation exist for this calculation and have
been tested numerically. In this paper we wish to point
out three cases where naive application of the standard
methods fails to give correct results and a modified treat-
ment is required. All three cases exist in the literature,
and in all three cases erroneous conclusions have been
drawn. For each case we present appropriate approxi-
mate solutions to the Boltzmann equation(s) and describe
the values of the parameters for which they apply.
The first case occurs when the relic particle is the light-

est of a set of similar particles whose masses are nearly
degenerate. In this case the relic abundance of the light-
est particle is determined not only by its annihilation
cross section, but also by the annihilation of the heavier
particles, which will later decay into the lightest. We call
this the case of "coannihilation. " As an example, consid-
er a supersymmetric theory in which the scalar quarks or
scalar electrons are only slightly more massive than the
lightest supersymmetric particle (LSP), usually taken to
be a neutralino. Previous calculations of the relic abun-
dance which consider only the LSP annihilation can be in
error by more than two orders of magnitude.
The second case concerns annihilation into particles

which are more massive than the relic particle. Previous

treatments regarded this as kinematically forbidden, but
we show that if the heavier particles are on1y 5—1S%
more massive, these channels can dominate the annihila-
tion cross section and determine the relic abundance. We
call this the "forbidden" channel annihilation case. Ex-
amples include annihilation into bb, tt, W+ W, or Higgs
bosons, when the annihilating particle is lighter than the
final-state particle.
The third case occurs when the annihilation takes

place near a pole in the cross section. This happens, for
example, in Z -exchange annihilation when the mass of
the relic particle is near mz/2. Previous treatments have
incorrectly handled the thermal averages and the integra-
tion of the Boltzmann equation in these situations. The
dip in relic abundance caused by a pole is broader and
not nearly as deep as previous treatments imply.
For all three cases we present simple formulas which

allow for a more correct treatment. We also present ex-
amples for each case and describe the precise conditions
under which the modified treatment is necessary. In Sec.
II we review the standard method for performing the
Lee-Weinberg calculation and describe the approxima-
tions within which we will work. In Sec. III we discuss
the coannihilation case, in Sec. IV we discuss the forbid-
den channel case, and in Sec. V we discuss annihilation
near a pole.

II. STANDARD CALCULATION
OF RELIC ABUNDANCE

Here we summarize the standard technique for calcu-
lating the relic abundance of a particle species y in the
Lee-Weinberg scenario. First, a note about the philoso-
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The SIMP Miracle
====================================================================25% of the authors prefer the title: ‘SIMP Dark Matter’. They are uncomfortable with the term ‘miracle’ in this scenario. Damn democracy!==================================================================.

Yonit Hochberg1,2,⇤ Eric Kuflik3,† Tomer Volansky3,‡ and Jay G. Wacker4§
1Ernest Orlando Lawrence Berkeley National Laboratory,

University of California, Berkeley, CA 94720, USA
2Department of Physics, University of California, Berkeley, CA 94720, USA

3Department of Physics, Tel Aviv University, Tel Aviv, Israel and
4SLAC National Accelerator Laboratory, Stanford University, Menlo Park, CA 94025 USA

We present a new paradigm for achieving thermal relic dark matter. The mechanism arises when
a nearly secluded dark sector is thermalized with the Standard Model after reheating. The freezeout
process is a number-changing 3 ! 2 annihilation of strongly-interacting-massive-particles (SIMPs)
in the dark sector, and points to sub-GeV dark matter. The couplings to the visible sector, necessary
for maintaining thermal equilibrium with the Standard Model, imply measurable signals that will
allow coverage of a significant part of the parameter space with future indirect- and direct-detection
experiments and via direct production of dark matter at colliders. Moreover, 3 ! 2 annihilations
typically predict sizable 2 ! 2 self-interactions which naturally address the ‘core vs. cusp’ and
‘too-big-to-fail’ small structure problems.

INTRODUCTION

Dark matter (DM) makes up the majority of the mass
in the Universe, however, its identity is unknown. The
few properties known about DM are that it is cold and
massive, it is not electrically charged, it is not colored and
it is not very strongly self-interacting. One possibility for
the identity of DM is that it is a thermal relic from the
early Universe. Cold thermal relics are predicted to have
a mass

m
DM

⇠ ↵
ann

(T
eq

M
Pl

)1/2 ⇠ TeV , (1)

where ↵
ann

is the e↵ective coupling constant of the 2 ! 2
DM annihilation cross section, taken to be of order weak
processes ↵

ann

' 1/30 above, T
eq

is the matter-radiation
equality temperature and M

Pl

is the reduced Planck
mass. The emergence of the weak scale from a geomet-
ric mean of two unrelated scales, frequently called the
WIMP miracle, provides an alternate motivation beyond
the hierarchy problem for TeV-scale new physics.

In this work we show that there is another mechanism
that can produce thermal relic DM even if ↵

ann

' 0. In
this limit, while thermal DM cannot freeze out through
the standard 2 ! 2 annihilation, it may do so via a 3 ! 2
process, where three DM particles collide and produce
two DM particles. The mass scale that is indicated by
this mechanism is given by a generalized geometric mean,

m
DM

⇠ ↵
e↵

�
T 2

eq

M
Pl

�
1/3 ⇠ 100 MeV , (2)

where ↵
e↵

is the e↵ective strength of the self-interaction
of the DM which we take as ↵

e↵

' 1 in the above. As
we will see, the 3 ! 2 mechanism points to strongly self-
interacting DM at or below the GeV scale. In similar
fashion, a 4 ! 2 annihilation mechanism, relevant if DM
is charged under a Z

2

symmetry, leads to DM in the keV

↵
e↵

' 1 ↵
e↵

' 1

DM
3→2 2→2 

✏ � 1

Kin. Eq.

FIG. 1: A schematic description of the SIMP paradigm. The
dark sector consists of DM which annihilates via a 3 ! 2 pro-
cess. Small couplings to the visible sector allow for thermal-
ization of the two sectors, thereby allowing heat to flow from
the dark sector to the visible one. DM self interactions are
naturally predicted to explain small scale structure anomalies
while the couplings to the visible sector predict measurable
consequences.

to MeV mass range. In this case, however, a more com-
plicated production mechanism, such as freeze-out and
decay, is typically needed to evade cosmological bounds.

If the dark sector does not have su�cient couplings
to the visible sector for it to remain in thermal equilib-
rium, the 3 ! 2 annihilations heat up the DM, signif-
icantly altering structure formation [1, 2]. In contrast,
a crucial aspect of the mechanism described here is that
the dark sector is in thermal equilibrium with the Stan-
dard Model (SM), i.e. the DM has a phase-space dis-
tribution given by the temperature of the photon bath.
Thus, the scattering with the SM bath enables the DM to
cool o↵ as heat is being pumped in from the 3 ! 2 pro-
cess. Consequently, the 3 ! 2 thermal freeze-out mech-
anism generically requires measurable couplings between
the DM and visible sectors. A schematic description of
the SIMP paradigm is presented in Fig. 1.

The phenomenological consequences of this paradigm
are two-fold. First, the significant DM self-interactions
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3

of outgoing electrons are found by numerically solving
the radial Schrödinger equation with a central potential
Z
e↵

(r)/r. Z
e↵

(r) is determined from the initial electron
wavefunction, assuming it to be a bound state of the same
central potential. We evaluate the form-factors numeri-
cally, cutting o↵ the sum at large l0, L once it converges.
Only the ionization rates of the 3 outermost shells (5p,
5s, and 4d, with binding energies of 12.4, 25.7, and 75.6
eV, respectively) are found to be relevant.

The energy transferred to the primary ionized electron
by the initial scattering process is ultimately distributed
into a number of (observable) electrons, n

e

, (unobserved)
scintillation photons, n

�

, and heat. To calculate n
e

, we
use a probabilistic model based on a combined theoreti-
cal and empirical understanding of the electron yield of
higher-energy electronic recoils. Absorption of the pri-
mary electron energy creates a number of ions, N

i

, and
a number of excited atoms, N

ex

, whose initial ratio is
determined to be N

ex

/N
i

⇡ 0.2 over a wide range of ener-
gies above a keV [18, 19]. Electron–ion recombination ap-
pears well-described by a modified Thomas-Imel recombi-
nation model [20, 21], which suggests that the fraction of
ions that recombine, f

R

, is essentially zero at low energy,
resulting in n

e

= N
i

and n
�

= N
ex

. The fraction, f
e

,
of initial quanta observed as electrons is therefore given
by f

e

= (1 � f
R

)(1 + N
ex

/N
i

)�1 ⇡ 0.83 [21]. The total
number of quanta, n, is observed to behave, at higher
energy, as n = E

er

/W , where E
er

is the outgoing energy
of the initial scattered electron and W = 13.8 eV is the
average energy required to create a single quanta [23].
As with f

R

and N
ex

/N
i

, W is only well measured at en-
ergies higher than those of interest to us, and thus adds
to the theoretical uncertainty in the predicted rates. We
use N

ex

/N
i

= 0.2, f
R

= 0 and W = 13.8 eV to give
central limits, and to illustrate the uncertainty we scan
over the ranges 0 < f

R

< 0.2, 0.1 < N
ex

/N
i

< 0.3,
and 12.4 < W < 16 eV. The chosen ranges for W and
N

ex

/N
i

are reasonable considering the available data
[9, 18, 19, 22]. The chosen range for f

R

is conserva-
tive considering the fit of the Thomas-Imel model to low-
energy electron-recoil data [20].

We extend this model to DM-induced ionization as fol-
lows. We calculate the di↵erential single-electron ion-
ization rate following Eqs. (1–3). We assume the scat-
tering of this primary electron creates a further n(1) =
Floor(E

er

/W ) quanta. In addition, for ionization of the
next-to-outer 5s and 4d shells, we assume that the pho-
ton associated with the de-excitation of the 5p-shell elec-
tron, with energy 13.3 or 63.1 eV, can photoionize, cre-
ating another n(2) = 0 (1) or 4 quanta, respectively, for
W > 13.3 eV (< 13.3 eV). The total number of detected
electrons is thus n

e

= n0

e

+ n00

e

, where n0

e

represents the
primary electron and is thus 0 or 1 with probability f

R

or (1 � f
R

), respectively, and n00

e

follows a binomial dis-
tribution with n(1) + n(2) trials and success probability
f
e

. This procedure is intended to reasonably approxi-
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FIG. 2: Top: Expected signal rates for 1-, 2-, and 3-electron
events for a DM candidate with �e = 10�36 cm2 and FDM = 1.
Widths indicate theoretical uncertainty (see text). Bottom:
90% CL limit on the DM–electron scattering cross section
�e (black line). Here the interaction is assumed to be in-
dependent of momentum transfer (FDM = 1). The dashed
lines show the individual limits set by the number of events
in which 1, 2, or 3 electrons were observed in the XENON10
data set, with gray bands indicating the theoretical uncer-
tainty. The light green region indicates the previously allowed
parameter space for DM coupled through a massive hidden
photon (taken from [2]).

mate the detailed microscopic scattering processes, but
presents another O(1) source of theoretical uncertainty.
The 1-, 2-, and 3-electron rates as a function of DM mass
for a fixed cross section and F

DM

= 1 are shown in Fig. 2
(top). The width of the bands arises from scanning over
f
R

, N
ex

/N
i

and W , as described above, and illustrates
the theoretical uncertainty.

RESULTS. Fig. 2 (bottom) shows the exclusion limit in
the m

DM

-�
e

plane based on the upper limits for 1-, 2-,
and 3-electrons rates in the XENON10 data set (dashed
lines), and the central limit (black line), corresponding
to the best limit at each mass. The gray bands show the
theoretical uncertainty, as described above. This bound
applies to DM candidates whose non-relativistic inter-
action with electrons is momentum-transfer independent
(F

DM

= 1). For DM masses larger than ⇠15MeV, the
bound is dominated by events with 2 or 3 electrons, due
to the small number of such events observed in the data
set. For smaller masses, the energy available is insu�-
cient to ionize multiple electrons, and the bound is set
by the number of single-electron events. The light green
shaded region shows the parameter space spanned by
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FIG. 2: The cross section exclusion reach (left axis) at 95% confidence level for 1 kg·year of exposure, assuming only the
irreducible neutrino background (note that additional unknown backgrounds are likely to exist, which would weaken the
sensitivity — see Fig. 4). This corresponds to the cross section for which 3.6 events are expected after 1 kg·year. The right axis
shows the event rate assuming a cross section of �e = 10�37 cm2. Results are shown for xenon (blue), argon (red), germanium
(brown), and helium (green) targets. Left: Models with no DM form-factor. The green shaded area indicates the allowed
region for U(1)D (hidden photon) models with mAD

>⇠ 10 MeV. The orange shaded area is the region in which a particular
model of “MeV” DM can explain the INTEGRAL 511 keV �-rays from the galactic bulge [9]. Right: Models with a very
light scalar or vector mediator, for which FDM = ↵2m2

e/q
2. The blue region indicates the allowed parameter space for a hidden

U(1)D model with a very light (⌧ keV) hidden photon. The darker blue band corresponds to the “Freeze-In” region. For
illustration, constant gD contours are shown with dashed lines, assuming mAD = 8 MeV and " = 2 ⇥ 10�3 (left plot) and
mAD = 1 meV and " = 3⇥ 10�6 (right plot). For more details see the text and the Appendix.

existing detectors cannot reconstruct the z-position of
very low energy events.

Secondary events. The primary signal of a higher-
energy background may be accompanied by a num-
ber of very low energy events. This e↵ect was ob-
served for single-electron events in ZEPLIN-II [30] and
Xenon10 [31, 32]. One possible explanation is the sec-
ondary ionization of impurities (e.g. oxygen) or of xenon
atoms by primary scintillation photons. Such a back-
ground could be reduced by vetoing events occurring too
close in time to a large event. Another possible explana-
tion is that electrons captured by impurities may eventu-
ally be released and detected a significant time after the
primary event that produced them. The long lifetime of
ionized impurities (e.g. an O�

2

ion takes several seconds
to drift to the anode in ZEPLIN-II) may limit the e↵ec-
tiveness of a timing veto, and in this case improvements
in purification would be important.

Neutrons. Current direct detection experiments are ef-
fective at shielding against neutron backgrounds. Modi-
fication of existing designs to minimize the very low en-
ergy neutron scattering relevant for LDM detection could
yield further improvements.

Neutrinos. Neutrino scattering with electrons and nu-
clei generates a small but irreducible background. As
with WIMP searches, this may set the ultimate limit to
the reach of LDM direct detection experiments. The neu-
trino background is overwhelmingly dominated by solar
neutrinos, which are theoretically well understood but
only partially measured. Solar neutrinos have typical en-

ergies between 100 keV and 20 MeV and scatter with a
rate given by:

dR

dE
R

=

Z 1

E

min
⌫

dE
⌫

d�
⌫

dE
⌫

d�

dE
R

, (14)

where Emin

⌫

' 1

2

(E
R

+
p
E2

R

+ 2E
R

m) is the minimal
neutrino energy required to recoil a particle of mass m
with energy E

R

, d�/dE
R

is the scattering cross section,
and d�

⌫

/dE
⌫

is the solar neutrino flux [44–46]. We cal-
culate the di↵erential rate for di↵erent materials in Fig. 1
(see also e.g. [47–49]). Electron recoils have energies well
above the expected DM signal and should be easily dis-
tinguished. Recoiling nuclei, on the other hand, have
energies typically below a keV. The e�ciency in convert-
ing this energy into ionized electrons is unknown at these
low energies, but it is expected to be very small [28, 32].
Therefore the neutrino-induced background, for events
in which only one or a few electrons are seen, is at most
O(1) per kg·year and probably much lower.

RESULTS

We now present expected rates of ionization by DM–
electron scattering in LDM direct detection experiments.
A systematic study of possible target materials is beyond
the scope of this letter, but we present illustrative results
for xenon, argon, helium, and germanium. Noble gases
and semiconductors, particularly xenon and germanium,
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Fig. 40. 2-dimensional marginal distributions in the pann–ns
plane for Planck TT+lowP (red), EE+lowP (yellow), TE+lowP
(green), and Planck TT,TE,EE+lowP (blue) data combinations.
We also show the constraints obtained using WMAP9 data (light
blue).

We then add pann as an additional parameter to those of the base
⇤CDM cosmology. Table 6 shows the constraints for various
data combinations.

Table 6. Constraints on pann in units of cm3 s�1 GeV�1.

Data combinations pann (95 % upper limits)

TT+lowP . . . . . . . . . . . . . . . . . < 5.7 ⇥ 10�27

EE+lowP . . . . . . . . . . . . . . . . . < 1.4 ⇥ 10�27

TE+lowP . . . . . . . . . . . . . . . . . < 5.9 ⇥ 10�28

TT+lowP+lensing . . . . . . . . . . . < 4.4 ⇥ 10�27

TT,TE,EE+lowP . . . . . . . . . . . . < 4.1 ⇥ 10�28

TT,TE,EE+lowP+lensing . . . . . . < 3.4 ⇥ 10�28

TT,TE,EE+lowP+ext . . . . . . . . . < 3.5 ⇥ 10�28

The constraints on pann from the Planck TT+lowP spec-
tra are about 3 times weaker than the 95 % limit of pann <
2.1 ⇥ 10�27 cm3 s�1 GeV�1 derived from WMAP9, which in-
cludes WMAP polarization data at low multipoles. However, the
Planck T E or EE spectra improve the constraints on pann by
about an order of magnitude compared to those from Planck TT
alone. This is because the main e↵ect of dark matter annihila-
tion is to increase the width of last scattering, leading to a sup-
pression of the amplitude of the peaks both in temperature and
polarization. As a result, the e↵ects of DM annihilation on the
power spectra at high multipole are degenerate with other param-
eters of base ⇤CDM, such as ns and As (Chen & Kamionkowski
2004; Padmanabhan & Finkbeiner 2005). At large angular scales
(` . 200), however, dark matter annihilation can produce an
enhancement in polarization caused by the increased ionization
fraction in the freeze-out tail following recombination. As a re-
sult, large-angle polarization information is crucial in breaking
the degeneracies between parameters, as illustrated in Fig. 40.
The strongest constraints on pann therefore come from the full
Planck temperature and polarization likelihood and there is little

1 10 100 1000 10000
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1
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Fig. 41. Constraints on the self-annihilation cross-section at re-
combination, h�3iz⇤ , times the e�ciency parameter, fe↵ (Eq. 81).
The blue area shows the parameter space excluded by the Planck
TT,TE,EE+lowP data at 95 % CL. The yellow line indicates the
constraint using WMAP9 data. The dashed green line delineates
the region ultimately accessible by a cosmic variance limited ex-
periment with angular resolution comparable to that of Planck.
The horizontal red band includes the values of the thermal-relic
cross-section multiplied by the appropriate fe↵ for di↵erent DM
annihilation channels. The dark grey circles show the best-fit
DM models for the PAMELA/AMS-02/Fermi cosmic-ray ex-
cesses, as calculated in Cholis & Hooper (2013) (caption of their
figure 6). The light grey stars show the best-fit DM models for
the Fermi Galactic centre gamma-ray excess, as calculated by
Calore et al. (2014) (their tables I, II, and III), with the light
grey area indicating the astrophysical uncertainties on the best-
fit cross-sections.

improvement if other astrophysical data, or Planck lensing, are
added.30

We verified the robustness of the Planck TT,TE,EE+lowP
constraint by also allowing other extensions of ⇤CDM (Ne↵ ,
dns/d ln k, or YP) to vary together with pann. We found that the
constraint is weakened by up to 20 %. Furthermore, we have ver-
ified that we obtain consistent results when relaxing the priors
on the amplitudes of the Galactic dust templates or if we use the
CamSpec likelihood instead of the baseline Plik likelihood.

Figure 41 shows the constraints from WMAP9, Planck
TT,TE,EE+lowP, and a forecast for a cosmic variance limited
experiment with similar angular resolution to Planck31. The hor-
izontal red band includes the values of the thermal-relic cross-
section multiplied by the appropriate fe↵ for di↵erent DM anni-
hilation channels. For example, the upper red line corresponds to
fe↵ = 0.67, which is appropriate for a DM particle of mass m� =
10 GeV annihilating into e+e�, while the lower red line corre-
sponds to fe↵ = 0.13, for a DM particle annihilating into 2⇡+⇡�
through an intermediate mediator (see e.g., Arkani-Hamed et al.
2009). The Planck data exclude at 95 % confidence level a ther-

30It is interesting to note that the constraint derived from Planck
TT,TE,EE+lowP is consistent with the forecast given in Galli et al.
(2009), pann < 3 ⇥ 10�28 cm3 s�1 GeV�1.

31We assumed that the cosmic variance limited experiment would
measure the angular power spectra up to a maximum multipole of
`max = 2500, observing a sky fraction fsky = 0.65.
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Three exceptions in the calculation of relic abundances
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The calculation of relic abundances of elementary particles by following their annihilation and
freeze-out in the early Universe has become an important and standard tool in discussing particle
dark-rnatter candidates. We find three situations, all occurring in the literature, in which the stan-
dard methods of calculating relic abundances fail. The first situation occurs when another particle
lies near in mass to the relic particle and shares a quantum number with it. An example is a light
squark with neutralino dark matter. The additional particle must be included in the reaction net-
work, since its annihilation can control the relic abundance. The second situation occurs when the
relic particle lies near a mass threshold. Previously, annihilation into particles heavier than the rel-
ic particle was considered kinematically forbidden, but we show that if the mass diA'erence is
—5—15%%uo, these "forbidden" channels can dominate the cross section and determine the relic abun-
dance. The third situation occurs when the annihilation takes place near a pole in the cross section.
Proper treatment of the thermal averaging and the annihilation after freeze-out shows that the dip
in relic abundance caused by a pole is not nearly as sharp or deep as previously thought.

I. INTRODUCTION

The calculation of the present-day density of elementa-
ry particles which were in thermal equilibrium in the ear-
ly Universe has become quite commonplace. ' Of particu-
lar interest is the so-called Lee-Weinberg ' calculation in
which annihilation after a particle species has become
nonrelativistic determines the present-day abundance of
that species. Standard approximate solutions to the
Boltzmann equation exist for this calculation and have
been tested numerically. In this paper we wish to point
out three cases where naive application of the standard
methods fails to give correct results and a modified treat-
ment is required. All three cases exist in the literature,
and in all three cases erroneous conclusions have been
drawn. For each case we present appropriate approxi-
mate solutions to the Boltzmann equation(s) and describe
the values of the parameters for which they apply.
The first case occurs when the relic particle is the light-

est of a set of similar particles whose masses are nearly
degenerate. In this case the relic abundance of the light-
est particle is determined not only by its annihilation
cross section, but also by the annihilation of the heavier
particles, which will later decay into the lightest. We call
this the case of "coannihilation. " As an example, consid-
er a supersymmetric theory in which the scalar quarks or
scalar electrons are only slightly more massive than the
lightest supersymmetric particle (LSP), usually taken to
be a neutralino. Previous calculations of the relic abun-
dance which consider only the LSP annihilation can be in
error by more than two orders of magnitude.
The second case concerns annihilation into particles

which are more massive than the relic particle. Previous

treatments regarded this as kinematically forbidden, but
we show that if the heavier particles are on1y 5—1S%
more massive, these channels can dominate the annihila-
tion cross section and determine the relic abundance. We
call this the "forbidden" channel annihilation case. Ex-
amples include annihilation into bb, tt, W+ W, or Higgs
bosons, when the annihilating particle is lighter than the
final-state particle.
The third case occurs when the annihilation takes

place near a pole in the cross section. This happens, for
example, in Z -exchange annihilation when the mass of
the relic particle is near mz/2. Previous treatments have
incorrectly handled the thermal averages and the integra-
tion of the Boltzmann equation in these situations. The
dip in relic abundance caused by a pole is broader and
not nearly as deep as previous treatments imply.
For all three cases we present simple formulas which

allow for a more correct treatment. We also present ex-
amples for each case and describe the precise conditions
under which the modified treatment is necessary. In Sec.
II we review the standard method for performing the
Lee-Weinberg calculation and describe the approxima-
tions within which we will work. In Sec. III we discuss
the coannihilation case, in Sec. IV we discuss the forbid-
den channel case, and in Sec. V we discuss annihilation
near a pole.

II. STANDARD CALCULATION
OF RELIC ABUNDANCE

Here we summarize the standard technique for calcu-
lating the relic abundance of a particle species y in the
Lee-Weinberg scenario. First, a note about the philoso-
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• Randall et al., 0704.0261
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Figure 2: Observed configurations of the three components in the 30 systems studied. The
background shows the HST image, with contours showing the distribution of galaxies (green),
gas (red) and total mass, which is dominated by dark matter (blue).
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structure. In each case, the green triangle, at the centre of the coordinate system, denotes the
position of the galaxies. The separation between galaxies and gas, �SG, is shown in red. The
separation of the dark matter with respect to the galaxies, projected onto the SG vector, �SI, is
shown in blue. The error bars show the locally estimated 1� errors.
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self-interactions

• Rocha et al., 1208.3025, Peter et al., 1208.3026

6 Rocha et al.

Figure 2. Top: Large scale structure in CDM (left) and SIDM1 (right) shown as a 50×50 h−1 Mpc slice with 10h−1 Mpc thickness through our cosmological
simulations. Particles are colored according to their local phase-space density. There are no visible differences between the two cases. Bottom: Small scale
structure in a Milky Way mass halo (Z12) simulated with CDM (left) and SIDM1 (right), including all particles within 200h−1 kpc of the halo centers. The
magnitude of the central phase-space density is lower in SIDM because the physical density is lower and the velocity dispersion is higher. The core of the
SIDM halo is also slightly rounder. Note that substructure content is quite similar except in the central regions

cross section runs here because no core density differences were re-
solved within the numerical convergence radii of our simulations.

As shown in §3 the self-interaction smoothing length hsi must
be larger than 20% the inter-particle separation in order to achieve
convergence on the interaction rate. All the work for this paper was
done with a fixed hsi for all particles carefully chosen for each sim-
ulation so that the self-interactions are well resolved at densities a
few times to an order of magnitude lower than the lowest densities
for which self-interactions are significant. We have run the cosmo-
logical boxes with different choices for hsi (changes by factors of
2 to 4) and have found that our results are unaffected. We have
also run tests on isolated halos with varying smoothing lengths and

again find that the effects of self-interactions are robust to reason-
able changes in hsi.

All of our halo catalogs and density profiles are derived
using the publicly available code Amiga Halo Finder (AHF)
(Knollmann & Knebe 2009).
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take away
•  finite temperature       ) Boltzmann 

factor      ) light DM      

ex) forbidden DM, co-annihilation, inelastic freezeout, …

• evades CMB       

•   low mass direct detection,           
self-interactions, hidden photon, …      

pheno:


