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The three major flavor puzzles:

1. The big question: why 3 generations of quark and 
leptons?

‣ new symmetries?

‣ new dimensions?

‣ new dynamics?

2. Why so much hierarchical structure in flavor parameters?

‣ couplings:  gauge ~ Higgs ~ top Yukawa ~ O(1)          
CP violating phase~O(1) 

‣ angles: Vus ~ 2x10-1, Vcb ~ 4x10-2,  Vub ~ 2x10-3

‣ masses: b/t~5x10-2, c/t~10-2, s/t~10-3, u/t ~ d/t ~ 10-5 

3. What is the scale of flavor physics?

‣ EW higgs sector, dark matter suggest new TeV physics

‣ Absence of FCNC seems to suggest this new physics 
contains no new flavor structure.
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• Hors d’oeuvres:

spacetime as a topological insulator and the origin of 
families... an interesting (?) failure to explain the 
number of families

• Main course: 

A new framework for flavor physics in 4d

new low scale flavor physics at a few TeV)

small Flavor Changing Neutral Currents (FCNC) 
in a phenomenological model with realistic 
quark masses, CKM matrix 

unusual flavor/Higgs structure
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Spacetime as a topological insulator
Jackiw & Rebbi (1976): 
Odd spacetime dimensions: Dirac fermion has a 
massless chiral surface mode 

DBK (1992), Jansen & Schmaltz (1992):
Lattice version has nf copies of chiral surface modes

• nf changes discontinuously when Lagrangian 
parameters are varied continuously

1. Why 3 generations of quark and leptons?

topol
ogy?

on a 
lattic

e??

E.g, d=5 lattice:

m/2r
0 1 2 3 4 5

nf: ←0 1L 4R 6L 4R 1L 0→

L = ψ̄i/∂ψ −mψ̄ψ +
r

2
ψ̄∂2ψ

lattice derivatives

• Hors d’oeuvres:

Tuesday, January 28, 2014



David B. Kaplan ~ U.C. Irvine ~ Jan 27, 2014

L = ψ̄i/∂ψ −mψ̄ψ +
r

2
ψ̄∂2ψ

lattice derivatives

m/2r
0 1 2 3 4 5

nf: ←0 1L 4R 6L 4R 1L 0→

Momenta lie on a d-torus (Brouillion zone): -π/a < pi ≤π/a

Fermion propagator S(p) maps Td ⇒ Sd, integer winding number = nf

Number of zero modes changes when S(p) can have a pole for some 
Euclidian momentum:  m/r=0,2,4...

Goltermann, Jansen, DBK, PLB301, 219, (1992)

S(p)−1 = m +
5�

i=1

�
iγi

sin pia

a
+ r

(cos api − 1)
a2

�
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• Number of chiral surface modes result of 
topology of bulk fermion dispersion relation in 
momentum space

• Exactly the same physics subsequently 
discovered in CMT, called “topological 
insulators”

• Can 3 families of 4d fermions arise from a single 
family of 5d fermion through this mechanism?                                               
# families determined by coupling constant 
values?

Possible to engineer model in semi-infinite 
5th dimension with 3 families of 
zeromodes:

Spacetime as a Topological Insulator: Mechanism for the Origin of the Fermion Generations

David B. Kaplan* and Sichun Sun†

Institute for Nuclear Theory, University of Washington, Box 351550, Seattle, Washington 98195-1550, USA
(Received 8 December 2011; revised manuscript received 12 March 2012; published 3 May 2012; corrected 10 May 2012)

We suggest a mechanism whereby the three generations of quarks and leptons correspond to surface

modes in a five-dimensional theory. These modes arise from a nonlinear fermion dispersion relation in the

extra dimension, much in the same manner as fermion surface modes in a topological insulator or lattice

implementation of domain wall fermions. We also show that the topological properties can persist in a

deconstructed version of the model in four dimensions.

DOI: 10.1103/PhysRevLett.108.181807 PACS numbers: 12.15.Ff, 11.10.Kk, 14.60.Pq, 73.20.!r

Introduction.—It remains a mystery why there are three
particle generations in the standard model and why they
have the observed pattern of masses and mixing angles,
despite many attempts at explanation, experimental evi-
dence for flavor physics beyond the standard model being
limited to neutrino masses. The smallness of neutrino
masses and the absence of flavor-changing neutral currents
and electric dipole moments all suggest that the origin of
flavor lies enigmatically at a very short distance. A well-
explored theoretical program is to assume the existence of
three generations and guess at textures for the mass matri-
ces, which can be justified by a hierarchy of flavor sym-
metry breaking—an ambiguous exercise, given the lack of
experimental flavor probes in the right-handed fermion
sector. After pioneering work involving Abelian flavor
symmetries [1], numerous models were also introduced
with non-Abelian flavor symmetries possessing three-
dimensional irreducible multiplets to justify the existence
of three generations of quarks and leptons. While this
general approach can boast of qualitative successes, no
models have emerged that are particularly compelling.

Composite and extra dimension models are a natural
place to look for an explanation for flavor and the number
of generations: both generically contain towers of states,
and one can arrange that only three generations are light.
Composite models must typically rely on gauge dynamics
to explain the origin of three generations, as in Ref. [2],
while extra dimension models often rely on the Dirac
equation, having three zero modes in certain background
fields of nontrivial topology; see Refs. [3–5]. In composite
models, the Yukawa matrices of the standard model are due
to complex interactions between constituents and at best
their texture can be predicted; in extra dimension models,
the Yukawa matrices can be computed from wave function
overlap integrals in the transverse space (see, for example,
[3–14]). To the extent that a gauge-gravity duality pertains,
it is possible that these two very dissimilar descriptions
could be related.

In this Letter, we consider an interesting phenomenon
observed with lattice domain wall fermions, where the
number of massless fermions bound to the surface of a

semi-infinite fifth dimension depended discontinuously on
the fermion dispersion relation and hence on coupling
constants in the action [15,16]. It was subsequently shown
that the number of light ‘‘families’’ could be understood as
a topological property of the five-dimensional (5D) fer-
mion dispersion relation in momentum space [17]. That is
because the number of 4D massless surface modes is
directly related to the quantized coefficient of the Chern-
Simons operator obtained by integrating out the heavy bulk
fermions, following the analysis in Ref. [18], and this
coefficient is obtained from a one-loop Feynman diagram
which computes a momentum-space winding number as-
sociated with the fermion propagator. This phenomenon
was first discussed in the classification of fermion modes in
liquid helium [19] and is the same phenomenon that de-
fines topological insulators [20–22]. We consider here that
the replication of quark and lepton families we observe in
the standard model arises in such a manner (see [23] for
related speculations); an attractive feature of the mecha-
nism is that, while the number of light families is deter-
mined topologically, their transverse wave functions in the
extra dimension are all different and dynamically deter-
mined, allowing interesting mass mixing without overly
restrictive family symmetries. As topology in momentum
space depends on the large momentum behavior of the
fermion dispersion relation, such models are forced to
confront UV physics and cannot simply rely on an effective
field theory description. Therefore, after describing the
general mechanism and providing a phenomenological
toy example, we look at various UV completions that can
give rise to a well-defined low energy theory.
Multiple zero modes.—We start by considering fermions

in 5D, with an inverse Euclidian propagator which respects
4D Lorentz invariance

iG!1ðp!; p5Þ ¼ iZ!ðpÞ"! þ iZ5ðp5Þ"5 ! !ðp; p5Þ; (1)

corresponding to a plane wave uðpÞ expðipax
aÞ, where

pa ¼ fp!; p5g is the five-momentum and u is a Dirac
spinor. We assume Hermitian gamma matrices, with Z!

and Z5 being real, odd functions of momentum and ! a
real, even function, so that G!1 corresponds to Hermitian

PRL 108, 181807 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending
4 MAY 2012
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Bulk dispersion relation:

Z, Σ can be chosen so that there are three 4d chiral families on surface of 5d 

Tuesday, January 28, 2014



David B. Kaplan ~ U.C. Irvine ~ Jan 27, 2014

• Possible to construct model in semi-
infinite 5th dimension with 3 families 
of zeromodes; but...

1.can’t have SM gauge fields live in 
noncompact extra dim

• ...so compactify

2.on compact manifold, find vector-
like fermions instead of chiral

• can be made chiral with chiral orbifold 
projection

3.relies on UV physics: 

• topology in x depends on large-x 
behavior of fields 

• ⇒ topology in p depends on large p 

behavior of G-1 

• Need UV completion to make 
sense..eg, deconstruction
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Outcome of deconstructing the 5d model: obtain a type of moose (quiver) 
diagram that has 3 families built into it. 
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• Main course:

Outcome of deconstruction lost the ability to explain 3 families, but it 
motivated looking at models that can tolerate a low scale for new flavor 
physics (Little Flavor)
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Some allowed dim 6 FCNC operators:

csd

Λ2
(s̄γµd)2

cbd

Λ2

�
b̄γµd

�2cuc

Λ2
(ūγµc)2

‣ Im[csd] = O(1) ⇒ Λ > O(104) TeV... 105 x MZ!

‣ Re[csd] = O(1) ⇒ Λ > O(103) TeV

‣ cuc = O(1) ⇒ Λ > O(103) TeV

‣ cbd = O(1) ⇒ Λ > O(102) TeV

Reasonable conclusion: new flavor physics arises from very high 
energy scale physics.

Necessary conclusion? No: eg, Minimal Flavor Violation

experimental 

constraints
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Minimal Flavor Violation (Chivukula & Georgi, 1987)

• Yukawa couplings Y in SM explicitly break U(3)5 chiral symmetry: 
{Q, L, U*, D*, E*} x 3 families

• Assume that in the UV theory that Y are the only “spurions” that 
break U(3)5 

• Then the U(3)5 transformation which diagonalizes Y to go to mass 
eigenstate basis will diagonalize all dim 6 operators as well...no 
FCNC

Other approaches to flavor:  other chiral symmetries

• fermion mass matrices arise as products of various spurions that 
break some chiral flavor symmetry (eg, Froggatt Nielsen invoke a 
U(1) chiral symmetry which forbids fermion coupling to the Higgs)

• FCNC are not zero, but suppressed by small parameters related to 
small Yukawa couplings
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Little Flavor (restricted to quark sector):

•  No approximate chiral flavor symmetry

•  Sizes of masses controlled by an approximate SU(4) x U(3) 
symmetry
✦ U(3) is a vector-like flavor symmetry
✦ SU(4) is a nonlinearly realized symmetry related to pseudo-

Goldstone Boson nature of the Higgs

• FCNC is nonzero but can be acceptable

• Combines features of conventional flavor models (such as 
Froggatt-Nielsen) with Little Higgs
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How flavor models typically work (e.g. Froggatt-Nielsen):

• Start with a large chiral flavor symmetry G that forbids fermion Yukawa 
couplings

• Include “sparse” spurions ε which break G ⇒ G’ at 1st order in ε; G’ ⇒ 

G’’ at 2nd order in ε, ...
• Fermion Yukawa matrices are built up in a hierarchical way with 

multiple insertions of spurions

Problems:
• SM provides little clue to RH fermion flavor structure, not enough 

about LH...have to guess at textures, symmetries

• models tend to be rather complicated, not extremely predictive.

Pluses:
• same spurions can suppress FCNC

• flavor structure related to symmetry
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How Little Higgs models work:
(Arkani-Hamed, Cohen, Georgi (2001); Arkani-Hamed, Cohen, Katz, Nelson (2002) ) 

• Start with Higgs as a Goldstone boson of G/H, with scale f; h→h+f  
forbids Higgs potential (Kaplan, Georgi, 1984)

• Include “sparse” spurions ε1,2 which break G ⇒ G1,2 , two different 

subgroups of G

• Both G1,2 individually retain an exact shift symmetry for the Higgs, 
h→h+f, but the ε1,2  spurions break it when both are combined

• Higgs potential starts at order m2 ∝ ε1 x ε2 f2, typically at 2-loops for 
extra 1/(4π)4...so Higgs is much lighter (“littler”) compared to scale of 
new physics f than naive naturalness estimates

• New physics can start at the few TeV scale

• New top partner at ~ 1 TeV to cancels quadratic contribution to Higgs 
mass2
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Effective Field Theory for Little Flavor

Dorota Grabowska
∗
and David B. Kaplan

†

Institute for Nuclear Theory, Box 351550, Seattle, WA 98195-1550, USA
(Dated: January 25, 2014)

We analytically construct the low energy effective theory at tree level for the Little Flavor model

for quark masses of Ref. [1], clarifying how it works and why flavor changing neutral currents are

suppressed. The analysis shows how the theory differs from Minimal Flavor Violation; instead of

quark masses being suppressed and protected by an approximate chiral flavor symmetry, it is the

approximately Goldstone boson nature of the Higgs that makes light quarks natural.

I. INTRODUCTION

The origin of flavor in the Standard Model remains one of the great mysteries of particle physics. While patterns

seem to exist in the quark masses and mixings, they have not led to any particularly convincing models for flavor;

furthermore, the absence of observed flavor changing neutral currents (FCNC) or electric dipole moments, and the

small values for the neutrino masses all suggest that the key to flavor physics may lie at extremely short distance,

out of the reach of experiment. Nevertheless, it is worthwhile to explore as fully as possible what scenarios for flavor

physics might occur at sufficiently low energies so that they might eventually be fully testable. A recent attempt

in this direction is Little Flavor [1], which was inspired by earlier work on the universe behaving like a topological

insulator [2]. A key feature of this model is that, unlike in most flavor models, the naturalness of the small Yukawa

couplings for the light quarks is not due to an approximate chiral symmetry, but rather to the approximate nonlinear

symmetries of composite Higgs boson in the model [3–8] (for a more recent discussion of composite Higgs bosons, see

the TASI lectures by R. Contino [9]). This marriage between flavor and the electroweak scale results in new physics

appearing at the TeV scale; nevertheless, it was shown that flavor changing neutral currents are suppressed in this

model.

The analysis of Ref. [1] is of a top-down form and is largely numerical, and therefore it is difficult to see exactly

how the model works. In this paper we show how the tree level theory can be constructed in an effective field theory

approach, which makes it simpler to understand and simpler to generalize.

II. THE LITTLE FLAVOR MODEL

A. Gauge fields

The model of Ref. [1] can be represented by a 2-site moose diagram, Fig. 1. Each of the sites, labeled as “white”

or “black” represents an independent SU(2) × U(1) gauge symmetry, referred to as Gw × Gb. The gauge couplings

are taken to be

g1,w =
g�

cos γ1
, g1,b =

g�

sin γ1
, g2,w =

g

cos γ2
, g2,b =

g

sin γ2
. (1)

where g = e/ sin θw and g� = e/ cos θw are the usual SM gauge couplings and the angles γ1,2 are free parameters.

∗Electronic address: grabow@uw.edu
†Electronic address: dbkaplan@uw.edu

gauge couplings g1,w, g2,w, g1,b, g2,b related to SM couplings g, g’ via two 
angles γ1,2:

• Nonlinear SU(4) x SU(4)/SU(4) Σ field lives on the link                 
(scale f  ~ 1.5 TeV)

• Gauge group Gw x Gb = [SU(2) x U(1)]2 ⊂ SU(4) x SU(4) 

★ [SU(2) x U(1)]2 broken to [SU(2)xU(1)]SM by <Σ> = 1

• Σ contains two composite Higgs doublets Hu, Hd

★ [SU(2)xU(1)]SM broken to U(1)EM by <Σ> = 1+ O(v/f), v~102 GeV

SU(4) SU(4)

Gw Gb

ΣThe Little Flavor model (for quarks)

Gauge symmetry:
SU(2)xU(1) SU(2)xU(1)
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✦ π’±, π’0 = SU(2) triplet; eaten by heavy W’, Z’

✦ π±, π0, η = SU(2) singlets; π0 is eaten by heavy Z’’

✦ Hu, Hd = SM Higgs doublets

Parametrization of the Σ field:

ΣH = exp

��
i
√

2
f

��
0 Φ†

Φ 0

��
Φ =

�
H

T
u

H
T
d

�

Σ = ξΣHξ ξ = exp
�
(i/2f)

�
�π� · �σ + η/

√
2 0

0 �π · �σ − η/
√

2

��

τa

τ3
Σ

τa

τ3

-1

Gw=SU(2)xU(1) Gb=SU(2)xU(1)

Embedding of 
[SU(2) x U(1)]2 ⊃ SU(4)2 :
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Gauge boson masses:

Ignoring Higgs vev v:

Mγ = MW = MZ = 0

MW � = MZ� =
gf

sin 2γ2
, MZ�� =

g�f

sin 2γ1

For f=1.5 TeV, γ1=γ2=π/8:  MW’ = MZ’ = 1.4 TeV, MZ’’ = 750 GeV

Z’, Z” will have to be leptophobic to not be ruled out

Including Higgs vev v:
• SM gauge bosons have conventional masses
• Exotic gauge boson masses receive O(v2/f2) corrections
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Fermions:

on the black site: 
✦ gauge group Gb = SU(2) x U(1)
✦ 3 copies of 4 Dirac fermions
✦ transform as a 4 of SU(4)b

2

Σ
Gw Gb

ψχ

FIG. 1: The 2-site moose diagram describing the Little Flavor model of Ref. [1]. Independent SU(2)×U(1) gauge groups Gw,b

are associated with each site; three copies of chiral fermions χ reside on the white site, while three copies of Dirac fermions ψ
live on the black site. A nonlinear sigma field Σ transforms as a bilinear and is associated with the link between sites.

B. Fermions

The model only attempts to consider quark masses, and not leptons. Three copies of color-triplet fermions sit at
each site; Dirac fermions Ψ sit at the black site, written as multiplets of an approximate global SU(4) symmetry

Ψi =





u

d

U

D





i

, i = 1, 2, 3 , (2)

while three copies of chiral fermions χ sit on the white site, which we write as incomplete multiplets of a similar SU(4)
symmetry

χL,i =





u

d

0
0





i

, χR,i =





0
0
U

D





i

, i = 1, 2, 3 . (3)

Denoting the Gw × Gb gauge generators as Q̂
α
w,b with α = 0 for the U(1) generators and α = 1, 2, 3 for the SU(2)

generators, the charges of these fermions are:

Q̂
0
wχ =

�
1
61+ T0

�
χ , Q̂

a
wχ = Taχ , Q̂

α
wΨ = 0

Q̂
0
bΨ =

�
1
61+ T0

�
Ψ , Q̂

a
bΨ = TaΨ , Q̂

α
b χ = 0

(4)

with

T0 = 1
2

�
0 0
0 σ3

�
, Ta = 1

2

�
σa 0
0 0

�
, a = 1, 2, 3. (5)

C. The Higgs

Residing on the link between the white and black sites is an SU(4) × SU(4)/SU(4) nonlinear sigma field Σ char-
acterized by a mass scale f , which can be parametrized as

Σ = e
2iΦ/f

, Φ =

�
π� + η/

√
8 −iH†

/
√
2

iH/
√
2 π − η/

√
8

�
, (6)

where each entry in the matrix is itself a 2× 2 matrix of Goldstone boson fields, with

π� = π�
aσa/2 , π = πaσa/2 , H =

�
h
0
u −h

+
u

−h
−
d h

0
d

�
=

�
−H

T
u �

H
T
d �

�
, (7)

where � is the 2 × 2 antisymmetric tensor. Σ transforms under the approximate global SU(4)w × SU(4)b symmetry
as Σ → WΣB†, where W,B are SU(4) matrices, within which the Gw ×Gb gauge symmetry as

Q̂
α
wΣ = TαΣ , Q̂

α
b Σ = −ΣTα , (8)

where the T0,...,3 matrices are given in eq. (5).

i=1,2,3

Ψ =





u
d
U
D




SU(2) doublet

SU(2) singlets

on the white site: 
✦ gauge group Gw = SU(2) x U(1)
✦ 3 copies of 4 Chiral fermions
✦ incomplete multiplets of SU(4)w

χL =





u
d
0
0





i,L

χR =





0
0
U
D





i,R

SU(2) doublet

SU(2) singlets

i=1,2,3
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Fermion mass and Yukawa interactions:
U(3) x SU(4) symmetric terms

• Gives a common mass M~5 TeV to black Dirac fermions

• Σ (including Higgs) couples black Dirac fermions to white chiral fermions;          
f~ 1.5 TeV,  λ=O(1).

• exact U(3) symmetry (acts on family index, not a chiral symmetry!)

• exact nonlinearly realized SU(4) symmetry (acts on black Dirac fermions and Σ)

2

Σ
Gw Gb

ψχ

FIG. 1: The 2-site moose diagram describing the Little Flavor model of Ref. [1]. Independent SU(2)×U(1) gauge groups Gw,b

are associated with each site; three copies of chiral fermions χ reside on the white site, while three copies of Dirac fermions ψ
live on the black site. A nonlinear sigma field Σ transforms as a bilinear and is associated with the link between sites.

B. Fermions

The model only attempts to consider quark masses, and not leptons. Three copies of color-triplet fermions sit at
each site; Dirac fermions Ψ sit at the black site, written as multiplets of an approximate global SU(4) symmetry

Ψi =





u

d

U

D





i

, i = 1, 2, 3 , (2)

while three copies of chiral fermions χ sit on the white site, which we write as incomplete multiplets of a similar SU(4)
symmetry

χL,i =





u

d

0
0





i

, χR,i =





0
0
U

D





i

, i = 1, 2, 3 . (3)

Denoting the Gw × Gb gauge generators as Q̂
α
w,b with α = 0 for the U(1) generators and α = 1, 2, 3 for the SU(2)

generators, the charges of these fermions are:

Q̂
0
wχ =

�
1
61+ T0

�
χ , Q̂

a
wχ = Taχ , Q̂

α
wΨ = 0

Q̂
0
bΨ =

�
1
61+ T0

�
Ψ , Q̂

a
bΨ = TaΨ , Q̂

α
b χ = 0

(4)

with

T0 = 1
2

�
0 0
0 σ3

�
, Ta = 1

2

�
σa 0
0 0

�
, a = 1, 2, 3. (5)

C. The Higgs

Residing on the link between the white and black sites is an SU(4) × SU(4)/SU(4) nonlinear sigma field Σ char-
acterized by a mass scale f , which can be parametrized as

Σ = e
2iΦ/f

, Φ =

�
π� + η/

√
8 −iH†

/
√
2

iH/
√
2 π − η/

√
8

�
, (6)

where each entry in the matrix is itself a 2× 2 matrix of Goldstone boson fields, with

π� = π�
aσa/2 , π = πaσa/2 , H =

�
h
0
u −h

+
u

−h
−
d h

0
d

�
=

�
−H

T
u �

H
T
d �

�
, (7)

where � is the 2 × 2 antisymmetric tensor. Σ transforms under the approximate global SU(4)w × SU(4)b symmetry
as Σ → WΣB†, where W,B are SU(4) matrices, within which the Gw ×Gb gauge symmetry as

Q̂
α
wΣ = TαΣ , Q̂

α
b Σ = −ΣTα , (8)

where the T0,...,3 matrices are given in eq. (5).

Ψ =





u
d
U
D




SU(2) doublet

SU(2) singlets

χL =





u
d
0
0





i,L

χR =





0
0
U
D





i,R

3

Thus �Σ� = 1 breaks Gw ×Gb down to the standard model SU(2)×U(1) gauge group with the conventional gauge

couplings g, g�. The heavy gauge bosons consist of a W �
, Z �

and Z ��
, all with masses of order gf , and the π�

and

π3 Goldstone bosons are eaten via the Higgs mechanism [? ]. The remaining Goldstone bosons consist of π±
, η and

the Higgs doublets Hu,d. We do not discuss the Higgs potential here, but assume Hu,d acquire vevs �h0
u� = vu/

√
2,

�h0
d� = vd/

√
2, causing �Σ� to misalign slightly from the SU(2) × U(1) preserving vacuum, breaking the electroweak

interactions as in a conventional two-Higgs model, as discussed in Ref. [1].

D. Interactions

The fermion interactions take the form Lsym + Lasym where

Lsym = ψ
�
i /D −M

�
ψ + χi /Dχ+ λf (χΣγ5ψ + h.c.) , (9)

where M is a common mass and λ is an O(1) dimensionless coupling, which is invariant under a U(3) flavor symmetry,

and up to gauge interactions, under the nonlinearly realized SU(4)b global symmetry as well; the action also respects

an approximate parity symmetry (broken by gauge interactions). We label the covariant derivates by the color of its

corresponding gauge group.

The U(3)× SU(4)b symmetry is broken softly by masses for the vector fermions,

Lasym = −ψL (MuXu +MdXd)ψR + h.c. , (10)

where Mu,d are 3×3 mass matrices which break the U(3) family symmetry with |Mij | � M , and the Xu,d are SU(4)b

symmetry violating matrices

Xu =





1

1

−3

1



 , Xd =





1

1

1

−3



 . (11)

As discussed in Ref. [1], the fact that the X matrices each leave invariant a different SU(3) subgroup of SU(4)b means

that the one-loop fermion contributions to the Higgs potential are finite, via the Little Higgs Mechanism [10–12], but

in this paper we just focus on the fermion physics.

In Ref. [1] it was shown that without Lasym, at tree level there remain three massless families, even after the SM

SU(2) × U(1) symmetry is spontaneously broken. At first sight this seems surprising, since Lsym does not preserve

any chiral flavor symmetries for the χ fermions. The reason the χ remain massless is instead because the Yukawa

interactions in Lsym is invariant under the SU(4)b symmetry, under which the Higgs field H transforms nonlinearly,

forbidding any Yukawa coupling to the quarks. Explicit SU(4)b breaking interactions occur elsewhere (the Gb gauge

interactions, as well as terms needed to give the Higgs a potential), so Higgs Yukawa couplings can be radiatively

generated. Tree level Yukawa couplings appear when Lasym is included, and in Ref. [1] a numerical solution for Mu,d

was found that gave a good fit to the SM quark masses and CKM matrix; the solution fixed

M = 5 TeV , f = 1.5 TeV , vu/vd = 1 , (12)

fit the value λ = 1.49794, and Mu,d to be

Mu =




0.01441071 0 3.50799e−i1.224428

0 6.96490 0

0 15.4904 1189.54



 , Md =




0.0336607 0.137582 0

0 0.600984 −1.60269
0 0 45.7769



 . (13)

(We have reversed the convention of Ref. [1], by having the lightest family as family 1, and the heaviest as family 3).

The result was not predictive, but fit well to known phenomenology. Here we give a more direct analytical analysis

using effective field theory and a derivative expansion.

III. THE LOW ENERGY THEORY AT TREE LEVEL

It is constructive to construct an effective field theory for this model, which allows us to analyze much of it

analytically. In particular we wish to construct an effective theory valid at the weak scale, entailing an expansion in
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Lsym =
3�

n=1

�
MΨ̄nΨn + λf

�
ψ̄L,nΣΨR,n − Ψ̄L,nΣ†ψR,n

��

Expand to give Higgs couplings:

• Looks like a Higgs vev would give all fermions a mass... 

• ...but not true: can rotate <Σ> ⇒ 1 with SU(4) symmetry: then Higgs only has 

derivative couplings to fermions ⇒ at tree level Higgs looks like exact GB in 

Lsym and so no Yukawa term

• So: still have 3 massless chiral quark families after [SU(2)xU(1)]SM ⇒ U(1)em.

Φ† = (H∗
u,H

∗
d )

i
√

2 λ

��
(ūw,n, d̄w,n)LΦ†

�
Ub,n

Db,n

�

R

− (ūb,n, d̄b,n)LΦ
�

Uw,n

Dw,n

�

R

��
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Fermion mass and Yukawa interactions: 
Introduce U(3) x SU(4) symmetry breaking terms in Dirac fermion masses

Lasym =
3�

m,n=1

Ψ̄m,L

�
MuXu + MdXd

�
mn

Ψn,R + h.c.

• Acts only on black-site Dirac fermions

• Mu, Md break the U(3) symmetry ⇒ U(1)B

6

Both of these matrices break the SU(4) symmetry down to SU(3)×U(1) and will allow the light fermions to acquire

masses; the Xu matrix splits off the U quark from the SU(4) multiplet, while Xd distinguishes the D quark. We take

for our symmetry breaking mass terms

Lasym = Ψmα,L

�
Mu

mα,nβ +Md
mα,nβ

�
Ψnβ,R + h.c. (23)

where

Mu
mα,nβ = Mu

mn ⊗
�
0 0

0 1

�

αβ

⊗Xu , Md
mα,nβ = Md

mn ⊗
�
0 0

0 1

�

αβ

⊗Xd . (24)

The Mu,d
matrices act on the U(3) indices of the fermions, the structure of the {αβ} matrix shows that only the Dirac

fermions on black sites are involved, and the X matrices act on the implicit SU(4) indices carried by each fermion.

By having the X spurions each leave intact an SU(3) subgroup of the black-site SU(4) symmetry, we ensure that the

fermions will not contribute any one-loop quadratically divergent mass contributions to the Higgs boson (the Little

Higgs mechanism). In fact, log divergences to the Higgs potential from one fermion loop also vanish in this model.

The Mu,d
matrices in the above expression act on the indices of the three cells of our moose, explicitly breaking

the U(3) flavor symmetry, and we take them to have the textures

Mu
=




Mu

11 Mu
12 0

0 Mu
22 0

Mu
31 0 Mu

33



 , Md
=




Md

11 0 0

Md
21 Md

22 0

0 Md
32 Md

33



 . (25)

This choice has been made empirically, and we do not claim it to be unique, but these textures suggests the spurions

could arise from a simple symmetry breaking scheme, which we do not pursue here. We will constrain all of the mass

parameters to be real, except for Mu
31, whose phase will be the source of CP violation in this model. The diagonal

elements break the U(3) down to U(1)
3
, allowing a nontrivial quark spectrum to emerge but no mixing angles; the

off-diagonal terms will generate flavor mixing.

III. A PHENOMENOLOGICAL FIT

In order to study rare processes in a model which reproduces correctly the SM quark masses and mixing angles, we

now fix

M = 5000 GeV , f = 1500 GeV , tanβ =
vu
vd

= 1 , (26)

and fit the 11 real parameters plus one phase (λ, and the Mu,d
matrices) to the six quark masses, as well as the three

mixing angles and one phase in the Cabibbo-Kobayashi-Maskawa matrix, a total of 10 data; our fit is neither unique,

nor predictive in the SM quark sector, and the assumption of tanβ = 1 is for simplicity, not following from any

particular Higgs potential. In fact, one would expect tanβ > 1 in these models, as discussed below, but considering

different values for tanβ will not alter our analysis significantly. The point of this exercise is to produce a concrete

model consistent with the SM in which we can accurately analyze low energy flavor phenomenology from new TeV

physics.

The fit we find has

λ = 1.49794 , (27)

while the M matrices (in GeV) are given by

Mu
=




1189.54 15.4904 0

0 6.96490 0

3.50799e−i1.224428
0 0.01441071



 , Md
=




45.7769 0 0

−1.60269 0.600984 0

0 0.137582 0.0336607



 . (28)

These parameters allow us to reproduce the accepted values of the quark masses (in GeV), RG scaled to µ = 1 TeV

[17]:

mt = 153.2 mc = 5.32× 10
−1 mu = 1.10× 10

−3

mb = 2.45 ms = 4.69× 10
−2 md = 2.50× 10

−3
(29)

5

1. The SU(4)× U(3) symmetric terms

To make the U(3) symmetry manifest it is useful to consider the “unit cell” of our moose digram Fig. 1 to consist

of an adjacent pair of black and white sites, the moose consisting of three such pairs. We label the cells by n = 1, 2, 3,
with cell n associated with sites {2n − 1, 2n}, and then an index α = 1, 2 will specify the white and the black site

respectively within the cell. The fermions are all labeled then as Ψn,α with

Ψ1,1 = χ1 , Ψ1,2 = ψ2 , Ψ2,1 = χ3 , Ψ2,2 = ψ4 , Ψ3,1 = χ5 , Ψ3,2 = ψ6 , (18)

where the χ four-component chiral fermions on the white sites in Eq. (15), and the ψ are the four component Dirac

fermions on the black sites in Eq. (14).

The symmetric fermion mass and Yukawa terms are given by

Lsym = Ψmα,L

�
Mmα,nβ + ΣYmα,nβ − Σ† Y†

mα,nβ

�
Ψnβ,R + h.c. , (19)

where M(0)
, Y and Y are independent and take the form

Mmα,nβ = M




1

1

1





mn

⊗
�
0 0

0 1

�

αβ

(20)

Y = λ f




1

1

1





mn

⊗
�
0 1

0 0

�

αβ

, (21)

where all unmarked matrix elements are zero. We have written the mass and Yukawa couplings in a direct product

notation to make manifest the U(3) symmetry acting on the unit cell indices m,n. The M term is a common mass

term for the black site Dirac fermions; the Y term is a nearest neighbor hopping interaction involving Σ in the direction

of the link arrow, from white site to black site within the cell, and the Y†
term is a hopping interaction against the

link arrow, from black to white, involving Σ†
; combined these hopping terms look like a covariant derivative in a fifth

dimension, with Σ playing the role of the fifth component of a gauge field. Having the hopping strength be the same

in the forward and backward directions is protected by a discrete Z2 symmetry. Note though that the Σ field only

acts on the three links that connect black and white sites within a cell; in this model we do not have Σ fields acting

on the links between cells.

Less obvious in this notation is that Lsym is invariant under a nonlinearly realized SU(4)L×SU(4)
�
R symmetry which

is the SU(4)L symmetry of the σ-model, times the diagonal subgroup of the σ-model’s SU(4)R and the vector SU(4)

symmetry of the black site Dirac fermions. A remarkable consequence of this SU(4)
�
R symmetry is that even when

the electroweak symmetry is broken spontaneously by the Higgs vev in Eq. (11), there remain three exactly massless

families of SM quarks. This is easy to see if one redefines the Ψn2 fields at each of the black sites as Ψn2 = Σ†Ψ�
n2;

then Lsym is independent of Σ, which means that the mass and Yukawa terms know nothing of electroweak symmetry

breaking. In effect, the SM families are forced to only have derivative couplings to the Higgs. Therefore the three

surplus RH singlet quarks cannot pair up with the three surplus LH doublet quarks, and one is left with three

massless SM families. This mechanism differs from the flavor models in which an approximate chiral flavor symmetry

is responsible for keeping the SM families light — such as Minimal Flavor Violation models which start with a U(3)
3

symmetry among the quarks [12]. To give the SM families mass requires breaking the SU(4) symmetry, and to have

mixing angles and nondegenerate quarks requires breaking the U(3) symmetry; we do both with the same spurions

at tree level. However, the SU(4) symmetry is also broken by radiative corrections in the form of Gb gauge boson

loops; this is an important issue but we defer discussion of that to § IV.

2. The SU(4)× U(3) symmetry breaking terms

To give the SM quarks masses we introduce two spurions to break the SU(4) × U(3) symmetry, defined by the

traceless 4× 4 matrices which can be thought of as transforming as elements of the adjoint of SU(4):

Xu =





1

1

−3

1



 , Xd =





1

1

1

−3



 (22)

• Xu, Xd break the SU(4) symmetry ⇒ different SU(3) subgroups

•Allows masses
 for 

ordin
ary f

amilies

•Little
 Higgs m

echan
ism
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Peculiar symmetry structure ensures Little Higgs mechanism in the fermion 
sector:  

If M is the full fermion mass matrix, then

• Tr M†M is independent of H vevs

• Tr (M†M)2 is independent of H vevs

So there are neither quadratic nor log divergent contributions to the Higgs 
potential from fermions at one loop

There will be a finite Coleman-Weinberg contribution, Tr (M†M)2 ln(M†M).  
To avoid fine tuning of the Higgs potential, there needs to be a Dirac top-
partner at ~ 1 TeV (will see it in this model) 

At this level there is a Peccei-Quinn symmetry protecting against flavor 
violating Higgs couplings...to be softly broken in Higgs potential
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Phenomenological fit to quark masses (RG scaled to 1 TeV) and CKM 
angles...not predictive, but useful for investigating FCNC

6

Both of these matrices break the SU(4) symmetry down to SU(3)×U(1) and will allow the light fermions to acquire

masses; the Xu matrix splits off the U quark from the SU(4) multiplet, while Xd distinguishes the D quark. We take

for our symmetry breaking mass terms

Lasym = Ψmα,L

�
Mu

mα,nβ +Md
mα,nβ

�
Ψnβ,R + h.c. (23)

where

Mu
mα,nβ = Mu

mn ⊗
�
0 0

0 1

�

αβ

⊗Xu , Md
mα,nβ = Md

mn ⊗
�
0 0

0 1

�

αβ

⊗Xd . (24)

The Mu,d
matrices act on the U(3) indices of the fermions, the structure of the {αβ} matrix shows that only the Dirac

fermions on black sites are involved, and the X matrices act on the implicit SU(4) indices carried by each fermion.

By having the X spurions each leave intact an SU(3) subgroup of the black-site SU(4) symmetry, we ensure that the

fermions will not contribute any one-loop quadratically divergent mass contributions to the Higgs boson (the Little

Higgs mechanism). In fact, log divergences to the Higgs potential from one fermion loop also vanish in this model.

The Mu,d
matrices in the above expression act on the indices of the three cells of our moose, explicitly breaking

the U(3) flavor symmetry, and we take them to have the textures

Mu
=




Mu

11 Mu
12 0

0 Mu
22 0

Mu
31 0 Mu

33



 , Md
=




Md

11 0 0

Md
21 Md

22 0

0 Md
32 Md

33



 . (25)

This choice has been made empirically, and we do not claim it to be unique, but these textures suggests the spurions

could arise from a simple symmetry breaking scheme, which we do not pursue here. We will constrain all of the mass

parameters to be real, except for Mu
31, whose phase will be the source of CP violation in this model. The diagonal

elements break the U(3) down to U(1)
3
, allowing a nontrivial quark spectrum to emerge but no mixing angles; the

off-diagonal terms will generate flavor mixing.

III. A PHENOMENOLOGICAL FIT

In order to study rare processes in a model which reproduces correctly the SM quark masses and mixing angles, we

now fix

M = 5000 GeV , f = 1500 GeV , tanβ =
vu
vd

= 1 , (26)

and fit the 11 real parameters plus one phase (λ, and the Mu,d
matrices) to the six quark masses, as well as the three

mixing angles and one phase in the Cabibbo-Kobayashi-Maskawa matrix, a total of 10 data; our fit is neither unique,

nor predictive in the SM quark sector, and the assumption of tanβ = 1 is for simplicity, not following from any

particular Higgs potential. In fact, one would expect tanβ > 1 in these models, as discussed below, but considering

different values for tanβ will not alter our analysis significantly. The point of this exercise is to produce a concrete

model consistent with the SM in which we can accurately analyze low energy flavor phenomenology from new TeV

physics.

The fit we find has

λ = 1.49794 , (27)

while the M matrices (in GeV) are given by

Mu
=




1189.54 15.4904 0

0 6.96490 0

3.50799e−i1.224428
0 0.01441071



 , Md
=




45.7769 0 0

−1.60269 0.600984 0

0 0.137582 0.0336607



 . (28)

These parameters allow us to reproduce the accepted values of the quark masses (in GeV), RG scaled to µ = 1 TeV

[17]:

mt = 153.2 mc = 5.32× 10
−1 mu = 1.10× 10

−3

mb = 2.45 ms = 4.69× 10
−2 md = 2.50× 10

−3
(29)

6

Both of these matrices break the SU(4) symmetry down to SU(3)×U(1) and will allow the light fermions to acquire

masses; the Xu matrix splits off the U quark from the SU(4) multiplet, while Xd distinguishes the D quark. We take

for our symmetry breaking mass terms

Lasym = Ψmα,L

�
Mu

mα,nβ +Md
mα,nβ

�
Ψnβ,R + h.c. (23)

where

Mu
mα,nβ = Mu

mn ⊗
�
0 0

0 1

�

αβ

⊗Xu , Md
mα,nβ = Md

mn ⊗
�
0 0

0 1

�

αβ

⊗Xd . (24)

The Mu,d
matrices act on the U(3) indices of the fermions, the structure of the {αβ} matrix shows that only the Dirac

fermions on black sites are involved, and the X matrices act on the implicit SU(4) indices carried by each fermion.

By having the X spurions each leave intact an SU(3) subgroup of the black-site SU(4) symmetry, we ensure that the

fermions will not contribute any one-loop quadratically divergent mass contributions to the Higgs boson (the Little

Higgs mechanism). In fact, log divergences to the Higgs potential from one fermion loop also vanish in this model.

The Mu,d
matrices in the above expression act on the indices of the three cells of our moose, explicitly breaking

the U(3) flavor symmetry, and we take them to have the textures

Mu
=




Mu

11 Mu
12 0

0 Mu
22 0

Mu
31 0 Mu

33



 , Md
=




Md

11 0 0

Md
21 Md

22 0

0 Md
32 Md

33



 . (25)

This choice has been made empirically, and we do not claim it to be unique, but these textures suggests the spurions

could arise from a simple symmetry breaking scheme, which we do not pursue here. We will constrain all of the mass

parameters to be real, except for Mu
31, whose phase will be the source of CP violation in this model. The diagonal

elements break the U(3) down to U(1)
3
, allowing a nontrivial quark spectrum to emerge but no mixing angles; the

off-diagonal terms will generate flavor mixing.

III. A PHENOMENOLOGICAL FIT

In order to study rare processes in a model which reproduces correctly the SM quark masses and mixing angles, we

now fix

M = 5000 GeV , f = 1500 GeV , tanβ =
vu
vd

= 1 , (26)

and fit the 11 real parameters plus one phase (λ, and the Mu,d
matrices) to the six quark masses, as well as the three

mixing angles and one phase in the Cabibbo-Kobayashi-Maskawa matrix, a total of 10 data; our fit is neither unique,

nor predictive in the SM quark sector, and the assumption of tanβ = 1 is for simplicity, not following from any

particular Higgs potential. In fact, one would expect tanβ > 1 in these models, as discussed below, but considering

different values for tanβ will not alter our analysis significantly. The point of this exercise is to produce a concrete

model consistent with the SM in which we can accurately analyze low energy flavor phenomenology from new TeV

physics.

The fit we find has

λ = 1.49794 , (27)

while the M matrices (in GeV) are given by

Mu
=




1189.54 15.4904 0

0 6.96490 0

3.50799e−i1.224428
0 0.01441071



 , Md
=




45.7769 0 0

−1.60269 0.600984 0

0 0.137582 0.0336607



 . (28)

These parameters allow us to reproduce the accepted values of the quark masses (in GeV), RG scaled to µ = 1 TeV

[17]:

mt = 153.2 mc = 5.32× 10
−1 mu = 1.10× 10

−3

mb = 2.45 ms = 4.69× 10
−2 md = 2.50× 10

−3
(29)

6

Both of these matrices break the SU(4) symmetry down to SU(3)×U(1) and will allow the light fermions to acquire

masses; the Xu matrix splits off the U quark from the SU(4) multiplet, while Xd distinguishes the D quark. We take

for our symmetry breaking mass terms

Lasym = Ψmα,L

�
Mu

mα,nβ +Md
mα,nβ

�
Ψnβ,R + h.c. (23)

where

Mu
mα,nβ = Mu

mn ⊗
�
0 0

0 1

�

αβ

⊗Xu , Md
mα,nβ = Md

mn ⊗
�
0 0

0 1

�

αβ

⊗Xd . (24)

The Mu,d
matrices act on the U(3) indices of the fermions, the structure of the {αβ} matrix shows that only the Dirac

fermions on black sites are involved, and the X matrices act on the implicit SU(4) indices carried by each fermion.

By having the X spurions each leave intact an SU(3) subgroup of the black-site SU(4) symmetry, we ensure that the

fermions will not contribute any one-loop quadratically divergent mass contributions to the Higgs boson (the Little

Higgs mechanism). In fact, log divergences to the Higgs potential from one fermion loop also vanish in this model.

The Mu,d
matrices in the above expression act on the indices of the three cells of our moose, explicitly breaking

the U(3) flavor symmetry, and we take them to have the textures

Mu
=




Mu

11 Mu
12 0

0 Mu
22 0

Mu
31 0 Mu

33



 , Md
=




Md

11 0 0

Md
21 Md

22 0

0 Md
32 Md

33



 . (25)

This choice has been made empirically, and we do not claim it to be unique, but these textures suggests the spurions

could arise from a simple symmetry breaking scheme, which we do not pursue here. We will constrain all of the mass

parameters to be real, except for Mu
31, whose phase will be the source of CP violation in this model. The diagonal

elements break the U(3) down to U(1)
3
, allowing a nontrivial quark spectrum to emerge but no mixing angles; the

off-diagonal terms will generate flavor mixing.

III. A PHENOMENOLOGICAL FIT

In order to study rare processes in a model which reproduces correctly the SM quark masses and mixing angles, we

now fix

M = 5000 GeV , f = 1500 GeV , tanβ =
vu
vd

= 1 , (26)

and fit the 11 real parameters plus one phase (λ, and the Mu,d
matrices) to the six quark masses, as well as the three

mixing angles and one phase in the Cabibbo-Kobayashi-Maskawa matrix, a total of 10 data; our fit is neither unique,

nor predictive in the SM quark sector, and the assumption of tanβ = 1 is for simplicity, not following from any

particular Higgs potential. In fact, one would expect tanβ > 1 in these models, as discussed below, but considering

different values for tanβ will not alter our analysis significantly. The point of this exercise is to produce a concrete

model consistent with the SM in which we can accurately analyze low energy flavor phenomenology from new TeV

physics.

The fit we find has

λ = 1.49794 , (27)

while the M matrices (in GeV) are given by

Mu
=




1189.54 15.4904 0

0 6.96490 0

3.50799e−i1.224428
0 0.01441071



 , Md
=




45.7769 0 0

−1.60269 0.600984 0

0 0.137582 0.0336607



 . (28)

These parameters allow us to reproduce the accepted values of the quark masses (in GeV), RG scaled to µ = 1 TeV

[17]:

mt = 153.2 mc = 5.32× 10
−1 mu = 1.10× 10

−3

mb = 2.45 ms = 4.69× 10
−2 md = 2.50× 10

−3
(29)

(GeV)

Yields quark masses (GeV)
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Both of these matrices break the SU(4) symmetry down to SU(3)×U(1) and will allow the light fermions to acquire

masses; the Xu matrix splits off the U quark from the SU(4) multiplet, while Xd distinguishes the D quark. We take

for our symmetry breaking mass terms

Lasym = Ψmα,L

�
Mu

mα,nβ +Md
mα,nβ

�
Ψnβ,R + h.c. (23)

where

Mu
mα,nβ = Mu

mn ⊗
�
0 0

0 1

�

αβ

⊗Xu , Md
mα,nβ = Md

mn ⊗
�
0 0

0 1

�

αβ

⊗Xd . (24)

The Mu,d
matrices act on the U(3) indices of the fermions, the structure of the {αβ} matrix shows that only the Dirac

fermions on black sites are involved, and the X matrices act on the implicit SU(4) indices carried by each fermion.

By having the X spurions each leave intact an SU(3) subgroup of the black-site SU(4) symmetry, we ensure that the

fermions will not contribute any one-loop quadratically divergent mass contributions to the Higgs boson (the Little

Higgs mechanism). In fact, log divergences to the Higgs potential from one fermion loop also vanish in this model.

The Mu,d
matrices in the above expression act on the indices of the three cells of our moose, explicitly breaking

the U(3) flavor symmetry, and we take them to have the textures

Mu
=




Mu

11 Mu
12 0

0 Mu
22 0

Mu
31 0 Mu

33



 , Md
=




Md

11 0 0

Md
21 Md

22 0

0 Md
32 Md

33



 . (25)

This choice has been made empirically, and we do not claim it to be unique, but these textures suggests the spurions

could arise from a simple symmetry breaking scheme, which we do not pursue here. We will constrain all of the mass

parameters to be real, except for Mu
31, whose phase will be the source of CP violation in this model. The diagonal

elements break the U(3) down to U(1)
3
, allowing a nontrivial quark spectrum to emerge but no mixing angles; the

off-diagonal terms will generate flavor mixing.

III. A PHENOMENOLOGICAL FIT

In order to study rare processes in a model which reproduces correctly the SM quark masses and mixing angles, we

now fix

M = 5000 GeV , f = 1500 GeV , tanβ =
vu
vd

= 1 , (26)

and fit the 11 real parameters plus one phase (λ, and the Mu,d
matrices) to the six quark masses, as well as the three

mixing angles and one phase in the Cabibbo-Kobayashi-Maskawa matrix, a total of 10 data; our fit is neither unique,

nor predictive in the SM quark sector, and the assumption of tanβ = 1 is for simplicity, not following from any

particular Higgs potential. In fact, one would expect tanβ > 1 in these models, as discussed below, but considering

different values for tanβ will not alter our analysis significantly. The point of this exercise is to produce a concrete

model consistent with the SM in which we can accurately analyze low energy flavor phenomenology from new TeV

physics.

The fit we find has

λ = 1.49794 , (27)

while the M matrices (in GeV) are given by

Mu
=




1189.54 15.4904 0

0 6.96490 0

3.50799e−i1.224428
0 0.01441071



 , Md
=




45.7769 0 0

−1.60269 0.600984 0

0 0.137582 0.0336607



 . (28)

These parameters allow us to reproduce the accepted values of the quark masses (in GeV), RG scaled to µ = 1 TeV

[17]:

mt = 153.2 mc = 5.32× 10
−1 mu = 1.10× 10

−3

mb = 2.45 ms = 4.69× 10
−2 md = 2.50× 10

−3
(29)

and angles:

7

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

1     2     3     4     5     6

singlet
doublet

uL

cL

tL

uR

cR

tR

dL

sL

bL

singlet
doublet

singlet
doublet

1     2     3     4     5     6 1     2     3     4     5     6 1     2     3     4     5     6

dR

sR

bR

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

FIG. 2: A density plot of ln |ψ|2, where the ψ are the eigenvectors of the LH and RH SM quark wavefunctions; the darker
the square, the smaller the wavefunction. Numbers 1, . . . , 6 along the bottom indicate the site number in the moose of Fig. 1;
upper and lower rows indicate electroweak singlet and doublet components respectively. One can see, for example, that families
are mostly localized in different cells, with the LH down-type quarks being the most spread out, and that RH quarks have a
little admixture of doublet, while LH quarks contain some singlet components. Hatched squares indicate combinations that do
not exist in the model, such as a LH SU(2)-singlet up quark at site #1.

and give rise to the CKM matrix

|VCKM| =




0.974 0.226 0.00385
0.226 0.973 0.0423
0.00892 0.0415 0.998



 (30)

and unitarity triangle angles

sin(2α) = 0.052 , sin(2β) = 0.72 , sin(2γ) = 0.68 , (31)

all values being within a few percent or better of the values given in Ref. [18].

The wave functions for the SM quarks (i.e., their distribution over the six sites of the moose in Fig. 1) can be

visualized in Fig. 2, where we provide a density plot of the ln |ψ|2. In this plot, light squares are where most of the

support of the wavefunction is, and we see a clear pattern where each of the three families resides mainly within its

own cell of the moose. This localization does not explain the mass hierarchy we achieve in this model: that occurs

because the SU(4) symmetry in Eq. (21) allows the Higgs dependence to rotated out of the Yukawa couplings in

Lsym, causing the Higgs to only couple through the SU(4)× U(3) violating spurion operators Mu,d
in Lasym, which

have the hierarchy built into them (Eq. (28)). However, the localization of families with small overlap in the extra

dimension explains the smallness of FCNC in this model, since gauge boson couplings are local, and there are no large

spurions breaking locality in this extra dimension which can be used to construct dangerous short-distance operators

from physics above the cutoff — only the off-diagonal components of Mu,d
communicate between cells, and they are

small.

In addition to the SM quarks, the model contains six heavy exotic up and down quarks with masses given in (in

TeV)

U : 6.628, 5.489, 5.482, 5.482, 5.463, 2.684
D : 6.628, 6.456, 5.489, 5.486, 5.482, 5.482 . (32)

All of these masses are well below the cutoff of the effective theory, Λ ∼ 4πf � 19 TeV.

A. Tree-level FCNC from the Z, Z�, and Z�� bosons

We next consider the flavor properties of the neutral gauge bosons in the theory, the Z, Z �
and Z ��

. All exotic

gauge boson parameters depend on our choice for the angles γ1,2, where γi parametrizes the relative strength of the

gauge interactions on the white and black sites respectively, as in Eq. (1), and this section we make the somewhat

arbitrary choice γ1 = γ2 = π/8. The Z �
and Z ��

masses are then given by (Eq. (4))

MZ� = 750 GeV , MZ�� = 1400 GeV (γ1 = γ2 = π/8) . (33)

Such masses would be ruled out by direct searches for new heavy neutral gauge bosons if the Z �
and Z ��

had Z-like

couplings to leptons; as we do not consider leptons in this paper, we simply assume that these two exotic gauge bosons
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FIG. 2: A density plot of ln |ψ|2, where the ψ are the eigenvectors of the LH and RH SM quark wavefunctions; the darker
the square, the smaller the wavefunction. Numbers 1, . . . , 6 along the bottom indicate the site number in the moose of Fig. 1;
upper and lower rows indicate electroweak singlet and doublet components respectively. One can see, for example, that families
are mostly localized in different cells, with the LH down-type quarks being the most spread out, and that RH quarks have a
little admixture of doublet, while LH quarks contain some singlet components. Hatched squares indicate combinations that do
not exist in the model, such as a LH SU(2)-singlet up quark at site #1.

and give rise to the CKM matrix

|VCKM| =




0.974 0.226 0.00385
0.226 0.973 0.0423
0.00892 0.0415 0.998



 (30)

and unitarity triangle angles

sin(2α) = 0.052 , sin(2β) = 0.72 , sin(2γ) = 0.68 , (31)

all values being within a few percent or better of the values given in Ref. [18].

The wave functions for the SM quarks (i.e., their distribution over the six sites of the moose in Fig. 1) can be

visualized in Fig. 2, where we provide a density plot of the ln |ψ|2. In this plot, light squares are where most of the

support of the wavefunction is, and we see a clear pattern where each of the three families resides mainly within its

own cell of the moose. This localization does not explain the mass hierarchy we achieve in this model: that occurs

because the SU(4) symmetry in Eq. (21) allows the Higgs dependence to rotated out of the Yukawa couplings in

Lsym, causing the Higgs to only couple through the SU(4)× U(3) violating spurion operators Mu,d
in Lasym, which

have the hierarchy built into them (Eq. (28)). However, the localization of families with small overlap in the extra

dimension explains the smallness of FCNC in this model, since gauge boson couplings are local, and there are no large

spurions breaking locality in this extra dimension which can be used to construct dangerous short-distance operators

from physics above the cutoff — only the off-diagonal components of Mu,d
communicate between cells, and they are

small.

In addition to the SM quarks, the model contains six heavy exotic up and down quarks with masses given in (in

TeV)

U : 6.628, 5.489, 5.482, 5.482, 5.463, 2.684
D : 6.628, 6.456, 5.489, 5.486, 5.482, 5.482 . (32)

All of these masses are well below the cutoff of the effective theory, Λ ∼ 4πf � 19 TeV.

A. Tree-level FCNC from the Z, Z�, and Z�� bosons

We next consider the flavor properties of the neutral gauge bosons in the theory, the Z, Z �
and Z ��

. All exotic

gauge boson parameters depend on our choice for the angles γ1,2, where γi parametrizes the relative strength of the

gauge interactions on the white and black sites respectively, as in Eq. (1), and this section we make the somewhat

arbitrary choice γ1 = γ2 = π/8. The Z �
and Z ��

masses are then given by (Eq. (4))

MZ� = 750 GeV , MZ�� = 1400 GeV (γ1 = γ2 = π/8) . (33)

Such masses would be ruled out by direct searches for new heavy neutral gauge bosons if the Z �
and Z ��

had Z-like

couplings to leptons; as we do not consider leptons in this paper, we simply assume that these two exotic gauge bosons
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The model also has heavy SM fermion partners:

there are no large spurions breaking locality in this extra
dimension which can be used to construct dangerous short-
distance operators from physics above the cutoff—only the
off-diagonal components of Mu;d communicate between
cells, and they are small.

In addition to the SM quarks, the model contains
six heavy exotic up and down quarks with masses given
in (in TeV)

U: 6:628; 5:489; 5:482; 5:482; 5:463; 2:684

D: 6:628; 6:456; 5:489; 5:486; 5:482; 5:482:
(32)

All of these masses are well below the cutoff of the
effective theory, !! 4!f ’ 19 TeV.

A. Tree-level FCNC from the Z, Z0, and Z00 bosons

We next consider the flavor properties of the neutral
gauge bosons in the theory, the Z, Z0 and Z00. All exotic
gauge boson parameters depend on our choice for the
angles "1;2, where "i parametrizes the relative strength
of the gauge interactions on the white and black sites
respectively, as in Eq. (1), and in this section we make
the somewhat arbitrary choice "1 ¼ "2 ¼ !=8. The Z0 and
Z00 masses are then given by [Eq. (4)]

MZ0 ¼ 750 GeV; MZ00 ¼ 1400 GeV ð"1 ¼ "2 ¼!=8Þ:
(33)

Such masses would be ruled out by direct searches for new
heavy neutral gauge bosons if the Z0 and Z00 had Z-like
couplings to leptons; as we do not consider leptons in this
paper, we simply assume that these two exotic gauge
bosons are leptophobic; a more complete theory will
have to address this issue. Constraints on the flavor chang-
ing quark couplings of such bosons are relevant to this
model, however, and we consider here the "F ¼ 1 and
"F ¼ 2 processes arising from tree-level neutral gauge
boson exchange.

It is straightforward to compute the couplings of the
gauge bosons for the phenomenological fit discussed

above; it simply requires computing the currents coupling
to the gauge boson mass eigenstates, and then substituting
the light flavor eigenvectors for the #n#a fermions. The
results for the couplings of Z, Z0, Z00,W andW 0 are given in
Appendix A.
The off-diagonal neutral gauge boson couplings con-

tribute to tree-level "S ¼ 2 operators; in the case of the
Z we also have a tree-level contribution to the "S ¼ 1
K0 ! $þ$& decay; however, from Eq. (A1) we see that
the "S ¼ 1 coupling to LH currents equals 10&6, which is
sufficiently small to give a branching ratio several orders of
magnitude below the observed branching ratio in this
channel for the K0

L.
Squaring the largest "S ¼ 1 couplings from

Eqs. (A1)–(A3) allows us to compute the coefficients of
the "S ¼ 2 operators resulting from tree level Z, Z0 and
Z00, with the results

1' 10&12

M2
Z

’ 1

ð105 TeVÞ2 ;

4' 10&10

M2
Z0

’ 1

ð4' 104 TeVÞ2 ;

1' 10&8

M2
Z00

’ 1

ð1:3' 104 TeVÞ2 :

(34)

The Z and Z0 contributions are sufficiently small to have
immeasurable effects on kaon phenomenology; the Z00

contribution would be close to the current bounds if it
were maximally CP violating, but in fact the phase in the
$sd coupling of the Z00 is found to be 0.06 in a basis where
Vus is real, so that its "S ¼ 2 contributions are likewise
compatible with experiment. The product of left currents
time right currents receives a chiral enhancement relative
to left-left or right-right, but we find that the product of
these couplings is very small in each case and not relevant.

B. FCNC from physics above the cutoff

As our theory is an effective theory for physics below the
cutoff ! ’ 4!f ’ 19 TeV, we need to consider whether
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FIG. 2 (color online). A density plot of ln jc j2, where the c are the eigenvectors of the LH and RH SM quark wave functions; the
darker the square, the smaller the wave function. Numbers 1; . . . ; 6 along the bottom indicate the site number in the moose of Fig. 1;
upper and lower rows indicate electroweak singlet and doublet components respectively. One can see, for example, that families are
mostly localized in different cells, with the LH down-type quarks being the most spread out, and that RH quarks have a little admixture
of doublet, while LH quarks contain some singlet components. Hatched squares indicate combinations that do not exist in the model,
such as a LH SUð2Þ-singlet up quark at site #1.
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top-like masses (TeV):

bottom-like masses (TeV):

there are no large spurions breaking locality in this extra
dimension which can be used to construct dangerous short-
distance operators from physics above the cutoff—only the
off-diagonal components of Mu;d communicate between
cells, and they are small.

In addition to the SM quarks, the model contains
six heavy exotic up and down quarks with masses given
in (in TeV)

U: 6:628; 5:489; 5:482; 5:482; 5:463; 2:684

D: 6:628; 6:456; 5:489; 5:486; 5:482; 5:482:
(32)

All of these masses are well below the cutoff of the
effective theory, !! 4!f ’ 19 TeV.

A. Tree-level FCNC from the Z, Z0, and Z00 bosons

We next consider the flavor properties of the neutral
gauge bosons in the theory, the Z, Z0 and Z00. All exotic
gauge boson parameters depend on our choice for the
angles "1;2, where "i parametrizes the relative strength
of the gauge interactions on the white and black sites
respectively, as in Eq. (1), and in this section we make
the somewhat arbitrary choice "1 ¼ "2 ¼ !=8. The Z0 and
Z00 masses are then given by [Eq. (4)]

MZ0 ¼ 750 GeV; MZ00 ¼ 1400 GeV ð"1 ¼ "2 ¼!=8Þ:
(33)

Such masses would be ruled out by direct searches for new
heavy neutral gauge bosons if the Z0 and Z00 had Z-like
couplings to leptons; as we do not consider leptons in this
paper, we simply assume that these two exotic gauge
bosons are leptophobic; a more complete theory will
have to address this issue. Constraints on the flavor chang-
ing quark couplings of such bosons are relevant to this
model, however, and we consider here the "F ¼ 1 and
"F ¼ 2 processes arising from tree-level neutral gauge
boson exchange.

It is straightforward to compute the couplings of the
gauge bosons for the phenomenological fit discussed

above; it simply requires computing the currents coupling
to the gauge boson mass eigenstates, and then substituting
the light flavor eigenvectors for the #n#a fermions. The
results for the couplings of Z, Z0, Z00,W andW 0 are given in
Appendix A.
The off-diagonal neutral gauge boson couplings con-

tribute to tree-level "S ¼ 2 operators; in the case of the
Z we also have a tree-level contribution to the "S ¼ 1
K0 ! $þ$& decay; however, from Eq. (A1) we see that
the "S ¼ 1 coupling to LH currents equals 10&6, which is
sufficiently small to give a branching ratio several orders of
magnitude below the observed branching ratio in this
channel for the K0

L.
Squaring the largest "S ¼ 1 couplings from

Eqs. (A1)–(A3) allows us to compute the coefficients of
the "S ¼ 2 operators resulting from tree level Z, Z0 and
Z00, with the results

1' 10&12

M2
Z

’ 1

ð105 TeVÞ2 ;

4' 10&10

M2
Z0

’ 1

ð4' 104 TeVÞ2 ;

1' 10&8

M2
Z00

’ 1

ð1:3' 104 TeVÞ2 :

(34)

The Z and Z0 contributions are sufficiently small to have
immeasurable effects on kaon phenomenology; the Z00

contribution would be close to the current bounds if it
were maximally CP violating, but in fact the phase in the
$sd coupling of the Z00 is found to be 0.06 in a basis where
Vus is real, so that its "S ¼ 2 contributions are likewise
compatible with experiment. The product of left currents
time right currents receives a chiral enhancement relative
to left-left or right-right, but we find that the product of
these couplings is very small in each case and not relevant.

B. FCNC from physics above the cutoff

As our theory is an effective theory for physics below the
cutoff ! ’ 4!f ’ 19 TeV, we need to consider whether
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FIG. 2 (color online). A density plot of ln jc j2, where the c are the eigenvectors of the LH and RH SM quark wave functions; the
darker the square, the smaller the wave function. Numbers 1; . . . ; 6 along the bottom indicate the site number in the moose of Fig. 1;
upper and lower rows indicate electroweak singlet and doublet components respectively. One can see, for example, that families are
mostly localized in different cells, with the LH down-type quarks being the most spread out, and that RH quarks have a little admixture
of doublet, while LH quarks contain some singlet components. Hatched squares indicate combinations that do not exist in the model,
such as a LH SUð2Þ-singlet up quark at site #1.
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the top partner required 
by Little Higgs

But what about FCNC??  First, look at Z, Z’, Z’’ couplings

Tuesday, January 28, 2014



David B. Kaplan ~ U.C. Irvine ~ Jan 27, 2014

7

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

1     2     3     4     5     6

singlet
doublet

uL

cL

tL

uR

cR

tR

dL

sL

bL

singlet
doublet

singlet
doublet

1     2     3     4     5     6 1     2     3     4     5     6 1     2     3     4     5     6

dR

sR

bR

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

Out[18]=

0 2 4 6 8 10
0

2

4

6

8

10

FIG. 2: A density plot of ln |ψ|2, where the ψ are the eigenvectors of the LH and RH SM quark wavefunctions; the darker
the square, the smaller the wavefunction. Numbers 1, . . . , 6 along the bottom indicate the site number in the moose of Fig. 1;
upper and lower rows indicate electroweak singlet and doublet components respectively. One can see, for example, that families
are mostly localized in different cells, with the LH down-type quarks being the most spread out, and that RH quarks have a
little admixture of doublet, while LH quarks contain some singlet components. Hatched squares indicate combinations that do
not exist in the model, such as a LH SU(2)-singlet up quark at site #1.

and give rise to the CKM matrix

|VCKM| =




0.974 0.226 0.00385
0.226 0.973 0.0423
0.00892 0.0415 0.998



 (30)

and unitarity triangle angles

sin(2α) = 0.052 , sin(2β) = 0.72 , sin(2γ) = 0.68 , (31)

all values being within a few percent or better of the values given in Ref. [18].

The wave functions for the SM quarks (i.e., their distribution over the six sites of the moose in Fig. 1) can be

visualized in Fig. 2, where we provide a density plot of the ln |ψ|2. In this plot, light squares are where most of the

support of the wavefunction is, and we see a clear pattern where each of the three families resides mainly within its

own cell of the moose. This localization does not explain the mass hierarchy we achieve in this model: that occurs

because the SU(4) symmetry in Eq. (21) allows the Higgs dependence to rotated out of the Yukawa couplings in

Lsym, causing the Higgs to only couple through the SU(4)× U(3) violating spurion operators Mu,d
in Lasym, which

have the hierarchy built into them (Eq. (28)). However, the localization of families with small overlap in the extra

dimension explains the smallness of FCNC in this model, since gauge boson couplings are local, and there are no large

spurions breaking locality in this extra dimension which can be used to construct dangerous short-distance operators

from physics above the cutoff — only the off-diagonal components of Mu,d
communicate between cells, and they are

small.

In addition to the SM quarks, the model contains six heavy exotic up and down quarks with masses given in (in

TeV)

U : 6.628, 5.489, 5.482, 5.482, 5.463, 2.684
D : 6.628, 6.456, 5.489, 5.486, 5.482, 5.482 . (32)

All of these masses are well below the cutoff of the effective theory, Λ ∼ 4πf � 19 TeV.

A. Tree-level FCNC from the Z, Z�, and Z�� bosons

We next consider the flavor properties of the neutral gauge bosons in the theory, the Z, Z �
and Z ��

. All exotic

gauge boson parameters depend on our choice for the angles γ1,2, where γi parametrizes the relative strength of the

gauge interactions on the white and black sites respectively, as in Eq. (1), and this section we make the somewhat

arbitrary choice γ1 = γ2 = π/8. The Z �
and Z ��

masses are then given by (Eq. (4))

MZ� = 750 GeV , MZ�� = 1400 GeV (γ1 = γ2 = π/8) . (33)

Such masses would be ruled out by direct searches for new heavy neutral gauge bosons if the Z �
and Z ��

had Z-like

couplings to leptons; as we do not consider leptons in this paper, we simply assume that these two exotic gauge bosons

Flavor dependence of neutral gauge boson couplings (Z, Z’, Z”)
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are leptophobic; a more complete theory will have to address this issue. Constraints on the flavor changing quark

couplings of such bosons are relevant to this model, however, and we consider here the ∆F = 1 and ∆F = 2 processes

arising from tree level neutral gauge boson exchange.

It is straightforward to compute the couplings of the gauge bosons for the phenomenological fit discussed above; it

simply requires computing the currents coupling to the gauge boson mass eigenstates, and then substituting the light

flavor eigenvectors for the Ψnαa fermions. We parametrize the SM family parts of the gauge boson currents in terms

of four 3× 3 matrices for each vector meson as Lu,d
V and Ru,d

V where V = {Z,Z �, Z ��} specifies the vector meson, L, R
indicates whether the current is LH or RH, and u, d specifies up-type versus down-type currents. The results for our

phenomenological fit are as follows, where the basis is {u, c, t} for the up-type quarks, and {d, s, b} for the down-type

quarks:

|Lu
Z | =




2.6× 10

−1
0 1.9× 10

−6

0 2.6× 10
−1

9.7× 10
−6

1.9× 10
−6

9.7× 10
−6

2.6× 10
−1



 , |Ru
Z | =




1.1× 10

−1
0 2.3× 10

−6

0 1.1× 10
−1

1.0× 10
−5

2.3× 10
−6

1.0× 10
−5

1.1× 10
−1



 ,

|Ld
Z | =




3.2× 10

−1
1.0× 10

−6
5.0× 10

−6

1.0× 10
−6

3.2× 10
−1

2.3× 10
−5

5.0× 10
−6

2.3× 10
−5

3.2× 10
−1



 , |Rd
Z | =




5.5× 10

−2
0 0

0 5.5× 10
−2

3.6× 10
−6

0 3.6× 10
−6

5.5× 10
−2



 ,

(34)

|Lu
Z� | =




2.6× 10

−3
0 0

0 2.6× 10
−3

3.4× 10
−5

0 3.4× 10
−5

3.8× 10
−3



 , |Ru
Z� | =




1.4× 10

−2
0 4.0× 10

−4

0 1.5× 10
−2

1.7× 10
−3

4.0× 10
−4

1.7× 10
−3

3.7× 10
−1



 ,

|Ld
Z� | =




5.× 10

−3
1.9× 10

−5
8.9× 10

−5

1.9× 10
−5

4.9× 10
−3

4.1× 10
−4

8.9× 10
−5

4.1× 10
−4

3.7× 10
−3



 , |Rd
Z� | =




6.7× 10

−3
0 2.6× 10

−5

0 6.6× 10
−3

2.0× 10
−4

2.6× 10
−5

2.0× 10
−4

8.8× 10
−3



 ,

(35)

|Lu
Z�� | =




1.9× 10

−2
0 7.9× 10

−5

0 1.9× 10
−2

2.8× 10
−4

7.9× 10
−5

2.8× 10
−4

2.9× 10
−2



 , |Ru
Z�� | =




1.4× 10

−3
0 0

0 1.4× 10
−3

0

0 0 1.3× 10
−3



 ,

|Ld
Z�� | =




2.0× 10

−2
1.0× 10

−4
5.0× 10

−4

1.0× 10
−4

1.9× 10
−2

2.3× 10
−3

5.0× 10
−4

2.3× 10
−3

2.9× 10
−2



 , |Rd
Z�� | =




1.6× 10

−3
0 0

0 1.6× 10
−3

0

0 0 9.7× 10
−4



 ,

(36)

For legibility we have set to zero all entries smaller than 10
−6

, and only give the absolute values of the entries in the

vector meson coupling matrices.

The off-diagonal couplings contribute to tree-level ∆S = 2 operators; in the case of the Z we also have a tree-level

contribution to the ∆S = 1 K0 → µ+µ− decay; however, from Eq. (34) we see that the ∆S = 1 coupling to LH

currents equals 10
−6

, which is sufficiently small to give a branching ratio several orders of magnitude below the

observed branching ratio in this channel for the K0
L.

Squaring the largest ∆S = 1 couplings above allows us to compute the coefficients of the ∆S = 2 operators resulting

from tree level Z, Z �
and Z ��

, with the results

1× 10
−12

M2
Z

� 1

(105 TeV)
2 ,

4× 10
−10

M2
Z�

� 1

(4× 104 TeV)
2 ,

1× 10
−8

M2
Z��

� 1

(1.3× 104 TeV)
2 . (37)

The Z and Z �
contributions are sufficiently small to have immeasurable effects on kaon phenomenology; the Z ��

contribution would be close to the current bounds if it were maximally CP violating, but in fact the phase in the

sd coupling of the Z ��
is found to be 0.06 in a basis where Vus is real, so that its ∆S = 2 contributions are likewise

compatible with experiment.

B. FCNC from physics above the cutoff

As our theory is an effective theory for physics below the cutoff Λ � 4πf � 19 TeV, we need to consider whether

dangerous FCNC effects can arise from contact operators arising from physics above the cutoff. The generic power

8

are leptophobic; a more complete theory will have to address this issue. Constraints on the flavor changing quark

couplings of such bosons are relevant to this model, however, and we consider here the ∆F = 1 and ∆F = 2 processes

arising from tree level neutral gauge boson exchange.

It is straightforward to compute the couplings of the gauge bosons for the phenomenological fit discussed above; it

simply requires computing the currents coupling to the gauge boson mass eigenstates, and then substituting the light

flavor eigenvectors for the Ψnαa fermions. We parametrize the SM family parts of the gauge boson currents in terms

of four 3× 3 matrices for each vector meson as Lu,d
V and Ru,d

V where V = {Z,Z �, Z ��} specifies the vector meson, L, R
indicates whether the current is LH or RH, and u, d specifies up-type versus down-type currents. The results for our

phenomenological fit are as follows, where the basis is {u, c, t} for the up-type quarks, and {d, s, b} for the down-type

quarks:

|Lu
Z | =




2.6× 10

−1
0 1.9× 10

−6

0 2.6× 10
−1

9.7× 10
−6

1.9× 10
−6

9.7× 10
−6

2.6× 10
−1



 , |Ru
Z | =




1.1× 10

−1
0 2.3× 10

−6

0 1.1× 10
−1

1.0× 10
−5

2.3× 10
−6

1.0× 10
−5

1.1× 10
−1



 ,

|Ld
Z | =




3.2× 10

−1
1.0× 10

−6
5.0× 10

−6

1.0× 10
−6

3.2× 10
−1

2.3× 10
−5

5.0× 10
−6

2.3× 10
−5

3.2× 10
−1



 , |Rd
Z | =




5.5× 10

−2
0 0

0 5.5× 10
−2

3.6× 10
−6

0 3.6× 10
−6

5.5× 10
−2



 ,

(34)

|Lu
Z� | =




2.6× 10

−3
0 0

0 2.6× 10
−3

3.4× 10
−5

0 3.4× 10
−5

3.8× 10
−3



 , |Ru
Z� | =




1.4× 10

−2
0 4.0× 10

−4

0 1.5× 10
−2

1.7× 10
−3

4.0× 10
−4

1.7× 10
−3

3.7× 10
−1



 ,

|Ld
Z� | =




5.× 10

−3
1.9× 10

−5
8.9× 10

−5

1.9× 10
−5

4.9× 10
−3

4.1× 10
−4

8.9× 10
−5

4.1× 10
−4

3.7× 10
−3



 , |Rd
Z� | =




6.7× 10

−3
0 2.6× 10

−5

0 6.6× 10
−3

2.0× 10
−4

2.6× 10
−5

2.0× 10
−4

8.8× 10
−3



 ,

(35)

|Lu
Z�� | =




1.9× 10

−2
0 7.9× 10

−5

0 1.9× 10
−2

2.8× 10
−4

7.9× 10
−5

2.8× 10
−4

2.9× 10
−2



 , |Ru
Z�� | =




1.4× 10

−3
0 0

0 1.4× 10
−3

0

0 0 1.3× 10
−3



 ,

|Ld
Z�� | =




2.0× 10

−2
1.0× 10

−4
5.0× 10

−4

1.0× 10
−4

1.9× 10
−2

2.3× 10
−3

5.0× 10
−4

2.3× 10
−3

2.9× 10
−2



 , |Rd
Z�� | =




1.6× 10

−3
0 0

0 1.6× 10
−3

0

0 0 9.7× 10
−4



 ,

(36)

For legibility we have set to zero all entries smaller than 10
−6

, and only give the absolute values of the entries in the

vector meson coupling matrices.

The off-diagonal couplings contribute to tree-level ∆S = 2 operators; in the case of the Z we also have a tree-level

contribution to the ∆S = 1 K0 → µ+µ− decay; however, from Eq. (34) we see that the ∆S = 1 coupling to LH

currents equals 10
−6

, which is sufficiently small to give a branching ratio several orders of magnitude below the

observed branching ratio in this channel for the K0
L.

Squaring the largest ∆S = 1 couplings above allows us to compute the coefficients of the ∆S = 2 operators resulting

from tree level Z, Z �
and Z ��

, with the results

1× 10
−12

M2
Z

� 1

(105 TeV)
2 ,

4× 10
−10

M2
Z�

� 1

(4× 104 TeV)
2 ,

1× 10
−8

M2
Z��

� 1

(1.3× 104 TeV)
2 . (37)

The Z and Z �
contributions are sufficiently small to have immeasurable effects on kaon phenomenology; the Z ��

contribution would be close to the current bounds if it were maximally CP violating, but in fact the phase in the

sd coupling of the Z ��
is found to be 0.06 in a basis where Vus is real, so that its ∆S = 2 contributions are likewise

compatible with experiment.

B. FCNC from physics above the cutoff

As our theory is an effective theory for physics below the cutoff Λ � 4πf � 19 TeV, we need to consider whether

dangerous FCNC effects can arise from contact operators arising from physics above the cutoff. The generic power

8

are leptophobic; a more complete theory will have to address this issue. Constraints on the flavor changing quark

couplings of such bosons are relevant to this model, however, and we consider here the ∆F = 1 and ∆F = 2 processes

arising from tree level neutral gauge boson exchange.

It is straightforward to compute the couplings of the gauge bosons for the phenomenological fit discussed above; it

simply requires computing the currents coupling to the gauge boson mass eigenstates, and then substituting the light

flavor eigenvectors for the Ψnαa fermions. We parametrize the SM family parts of the gauge boson currents in terms

of four 3× 3 matrices for each vector meson as Lu,d
V and Ru,d

V where V = {Z,Z �, Z ��} specifies the vector meson, L, R
indicates whether the current is LH or RH, and u, d specifies up-type versus down-type currents. The results for our

phenomenological fit are as follows, where the basis is {u, c, t} for the up-type quarks, and {d, s, b} for the down-type

quarks:

|Lu
Z | =




2.6× 10

−1
0 1.9× 10

−6

0 2.6× 10
−1

9.7× 10
−6

1.9× 10
−6

9.7× 10
−6

2.6× 10
−1



 , |Ru
Z | =




1.1× 10

−1
0 2.3× 10

−6

0 1.1× 10
−1

1.0× 10
−5

2.3× 10
−6

1.0× 10
−5

1.1× 10
−1



 ,

|Ld
Z | =




3.2× 10

−1
1.0× 10

−6
5.0× 10

−6

1.0× 10
−6

3.2× 10
−1

2.3× 10
−5

5.0× 10
−6

2.3× 10
−5

3.2× 10
−1



 , |Rd
Z | =




5.5× 10

−2
0 0

0 5.5× 10
−2

3.6× 10
−6

0 3.6× 10
−6

5.5× 10
−2



 ,

(34)

|Lu
Z� | =




2.6× 10

−3
0 0

0 2.6× 10
−3

3.4× 10
−5

0 3.4× 10
−5

3.8× 10
−3



 , |Ru
Z� | =




1.4× 10

−2
0 4.0× 10

−4

0 1.5× 10
−2

1.7× 10
−3

4.0× 10
−4

1.7× 10
−3

3.7× 10
−1



 ,

|Ld
Z� | =




5.× 10

−3
1.9× 10

−5
8.9× 10

−5

1.9× 10
−5

4.9× 10
−3

4.1× 10
−4

8.9× 10
−5

4.1× 10
−4

3.7× 10
−3



 , |Rd
Z� | =




6.7× 10

−3
0 2.6× 10

−5

0 6.6× 10
−3

2.0× 10
−4

2.6× 10
−5

2.0× 10
−4

8.8× 10
−3



 ,

(35)

|Lu
Z�� | =




1.9× 10

−2
0 7.9× 10

−5

0 1.9× 10
−2

2.8× 10
−4

7.9× 10
−5

2.8× 10
−4

2.9× 10
−2



 , |Ru
Z�� | =




1.4× 10

−3
0 0

0 1.4× 10
−3

0

0 0 1.3× 10
−3



 ,

|Ld
Z�� | =




2.0× 10

−2
1.0× 10

−4
5.0× 10

−4

1.0× 10
−4

1.9× 10
−2

2.3× 10
−3

5.0× 10
−4

2.3× 10
−3

2.9× 10
−2



 , |Rd
Z�� | =




1.6× 10

−3
0 0

0 1.6× 10
−3

0

0 0 9.7× 10
−4



 ,

(36)

For legibility we have set to zero all entries smaller than 10
−6

, and only give the absolute values of the entries in the

vector meson coupling matrices.

The off-diagonal couplings contribute to tree-level ∆S = 2 operators; in the case of the Z we also have a tree-level

contribution to the ∆S = 1 K0 → µ+µ− decay; however, from Eq. (34) we see that the ∆S = 1 coupling to LH

currents equals 10
−6

, which is sufficiently small to give a branching ratio several orders of magnitude below the

observed branching ratio in this channel for the K0
L.

Squaring the largest ∆S = 1 couplings above allows us to compute the coefficients of the ∆S = 2 operators resulting

from tree level Z, Z �
and Z ��

, with the results

1× 10
−12

M2
Z

� 1

(105 TeV)
2 ,

4× 10
−10

M2
Z�

� 1

(4× 104 TeV)
2 ,

1× 10
−8

M2
Z��

� 1

(1.3× 104 TeV)
2 . (37)

The Z and Z �
contributions are sufficiently small to have immeasurable effects on kaon phenomenology; the Z ��

contribution would be close to the current bounds if it were maximally CP violating, but in fact the phase in the

sd coupling of the Z ��
is found to be 0.06 in a basis where Vus is real, so that its ∆S = 2 contributions are likewise

compatible with experiment.

B. FCNC from physics above the cutoff

As our theory is an effective theory for physics below the cutoff Λ � 4πf � 19 TeV, we need to consider whether

dangerous FCNC effects can arise from contact operators arising from physics above the cutoff. The generic power
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are leptophobic; a more complete theory will have to address this issue. Constraints on the flavor changing quark

couplings of such bosons are relevant to this model, however, and we consider here the ∆F = 1 and ∆F = 2 processes

arising from tree level neutral gauge boson exchange.

It is straightforward to compute the couplings of the gauge bosons for the phenomenological fit discussed above; it

simply requires computing the currents coupling to the gauge boson mass eigenstates, and then substituting the light

flavor eigenvectors for the Ψnαa fermions. We parametrize the SM family parts of the gauge boson currents in terms

of four 3× 3 matrices for each vector meson as Lu,d
V and Ru,d

V where V = {Z,Z �, Z ��} specifies the vector meson, L, R
indicates whether the current is LH or RH, and u, d specifies up-type versus down-type currents. The results for our

phenomenological fit are as follows, where the basis is {u, c, t} for the up-type quarks, and {d, s, b} for the down-type

quarks:

|Lu
Z | =




2.6× 10

−1
0 1.9× 10

−6

0 2.6× 10
−1

9.7× 10
−6

1.9× 10
−6

9.7× 10
−6

2.6× 10
−1



 , |Ru
Z | =




1.1× 10

−1
0 2.3× 10

−6

0 1.1× 10
−1

1.0× 10
−5

2.3× 10
−6

1.0× 10
−5

1.1× 10
−1



 ,

|Ld
Z | =




3.2× 10

−1
1.0× 10

−6
5.0× 10

−6

1.0× 10
−6

3.2× 10
−1

2.3× 10
−5

5.0× 10
−6

2.3× 10
−5

3.2× 10
−1



 , |Rd
Z | =




5.5× 10

−2
0 0

0 5.5× 10
−2

3.6× 10
−6

0 3.6× 10
−6

5.5× 10
−2



 ,

(34)

|Lu
Z� | =




2.6× 10

−3
0 0

0 2.6× 10
−3

3.4× 10
−5

0 3.4× 10
−5

3.8× 10
−3



 , |Ru
Z� | =




1.4× 10

−2
0 4.0× 10

−4

0 1.5× 10
−2

1.7× 10
−3

4.0× 10
−4

1.7× 10
−3

3.7× 10
−1



 ,

|Ld
Z� | =




5.× 10

−3
1.9× 10

−5
8.9× 10

−5

1.9× 10
−5

4.9× 10
−3

4.1× 10
−4

8.9× 10
−5

4.1× 10
−4

3.7× 10
−3



 , |Rd
Z� | =




6.7× 10

−3
0 2.6× 10

−5

0 6.6× 10
−3

2.0× 10
−4

2.6× 10
−5

2.0× 10
−4

8.8× 10
−3



 ,

(35)

|Lu
Z�� | =




1.9× 10

−2
0 7.9× 10

−5

0 1.9× 10
−2

2.8× 10
−4

7.9× 10
−5

2.8× 10
−4

2.9× 10
−2



 , |Ru
Z�� | =




1.4× 10

−3
0 0

0 1.4× 10
−3

0

0 0 1.3× 10
−3



 ,

|Ld
Z�� | =




2.0× 10

−2
1.0× 10

−4
5.0× 10

−4

1.0× 10
−4

1.9× 10
−2

2.3× 10
−3

5.0× 10
−4

2.3× 10
−3

2.9× 10
−2



 , |Rd
Z�� | =




1.6× 10

−3
0 0

0 1.6× 10
−3

0

0 0 9.7× 10
−4



 ,

(36)

For legibility we have set to zero all entries smaller than 10
−6

, and only give the absolute values of the entries in the

vector meson coupling matrices.

The off-diagonal couplings contribute to tree-level ∆S = 2 operators; in the case of the Z we also have a tree-level

contribution to the ∆S = 1 K0 → µ+µ−
decay; however, from Eq. (34) we see that the ∆S = 1 coupling to LH

currents equals 10
−6

, which is sufficiently small to give a branching ratio several orders of magnitude below the

observed branching ratio in this channel for the K0
L.

Squaring the largest ∆S = 1 couplings above allows us to compute the coefficients of the ∆S = 2 operators resulting

from tree level Z, Z �
and Z ��

, with the results

1× 10
−12

M2
Z

� 1

(105 TeV)
2 ,

4× 10
−10

M2
Z�

� 1

(4× 104 TeV)
2 ,

1× 10
−8

M2
Z��

� 1

(1.3× 104 TeV)
2 . (37)

The Z and Z �
contributions are sufficiently small to have immeasurable effects on kaon phenomenology; the Z ��

contribution would be close to the current bounds if it were maximally CP violating, but in fact the phase in the

sd coupling of the Z ��
is found to be 0.06 in a basis where Vus is real, so that its ∆S = 2 contributions are likewise

compatible with experiment.

B. FCNC from physics above the cutoff

As our theory is an effective theory for physics below the cutoff Λ � 4πf � 19 TeV, we need to consider whether

dangerous FCNC effects can arise from contact operators arising from physics above the cutoff. The generic power

Can read off ΔS = 2 dim 6 operators from Z, Z’, Z” exchange:

...all safe, even though:

• flavor physics is at the few TeV scale

• full theory does not have any approximate chiral flavor symmetry 

Easy to show that dim 6 contact operators from above the cutoff Λ~4πf give 
tiny FCNC contributions (suppressed by spurions)

Numerical fit is not very informative... what does FCNC look like 
parametrically?

Tuesday, January 28, 2014



David B. Kaplan ~ U.C. Irvine ~ Jan 27, 2014

EFT analysis of Little Flavor (in preparation with Dorota Grabowska)

5 TeV expand in 1/M

• Integrate out Dirac fermions ψ at tree level

✦ Not mass eigenstates...but that’s OK! Σ Σ✝
χ χ

ψ

• Left with EFT for the chiral fermions χ, 1:1 with SM quarks

M = M +MuXu +MdXd

L = χ̄i /Dχ + ψ̄( /D −M)ψ + λf χ̄Σγ5ψ
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�, where the scales M , and f which arise from new physics at the TeV scale are taken to be O(1), while derivatives
and the Higgs vevs are considered to be O(�); numerically � ∼ 1/10. The dimensionless couplings λ, gw, gb are taken
to be O(1). In this section we keep the analysis general for Nf families; we are of course interested in Nf = 3, but in
the next section we will analyze the Nf = 2 case with only the lightest two families, which is instructive since it is
possible then to make a further expansion in Mu,d/M ∼ �2 ∼ 10−2. After analyzing the Nf = 2 case we will return
to the three family model.

Our model consists of the standard model fermions with weak scale masses or lighter, and heavy vector-like fermions.
Although the χ and Ψ fermions are not mass eigenstates, there is a one-to-one correspondence between Ψ and the
heavy fermions, and between χ and the SM quarks, to which they couple. Therefore we can construct the low energy
effective theory by first simply integrating out the Ψ, fermions, and then performing a derivative expansion of the
resulting nonlocal Lagrangian. The fact that the χ fields are not mass eigenstates in the full theory will manifest itself
through nontrivial kinetic operators in the effective theory, which can then be put in canonical form by rotating and
rescaling the fields (a finite wave function renormalization).

On integrating out the Ψ fields at tree level one obtains the nonlinear theory for χ

Lχ = χi /Dχ− (λf)2 χΣ

�
1

i /D +MP+ +M†P−

�
Σ† χ , (14)

where P± = (1± γ5)/2 and

M ≡ M +MuXu +MdXd ≡





Mq

Mq

MU

MD



 , (15)

with Mq,U,D being the 2× 2 matrices

Mq = (M +Mu +Md) , MU = (M − 3Mu +Md) , MD = (M +Mu − 3Md) . (16)

with M being the Nf ×Nf unit matrix times our 5 TeV mass scale from eq. (12) .
This is now turned into the low energy effective theory by performing a derivative expansion; as explained above,

this is an expansion simultaneously in powers of the covariant derivative D and the meson field Φ, where from eq. (6),
Σ = exp(2iΦ/f). To linear order in the expansion we find:

Leff = −2iλ2
f χ

�
Φ,

�
P+

M
+

P−
M†

��
χ+ iχ

�
/D + (λf)2 /D

�
P−

M†M
+

P+

MM†

��
χ+O(D2

, �Φ�D, �Φ�2). (17)

The quark Yukawa couplings arise from the first term, and one sees that without SU(4) symmetry breaking, M would
be diagonal and the Yukawa couplings would vanish.

A. Wave function renormalization

As the χ field are not mass eigenstates in the full theory, there is a non-trivial tree-level wave function renormal-
ization. To compute this renormalization, we need to consider the second term in eq. (17). Note that it is sufficient
to consider the renormalization of the partial derivative – at this order in the expansion, the SU(2)× U(1) covariant
derivative of the standard model gauge group will be automatically renormalized as well. The relevant term can be
written as

iχ

�
/∂ + (λf)2 /∂

�
P−

M†M
+

P+

MM†

��
χ = χ

�
ZLi/∂P− + ZRi/∂P+

�
χ , (18)

with

ZL =

�
1 +

(λf)2

M†M

�
, ZR =

�
1 +

(λf)2

MM†

�
. (19)

Making use of eq. (16), the SU(4) structure of the ZL,R matrices can be written as

Z =





Zq

Zq

ZU

ZD



 (20)

Expand in powers of D, Φ:
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The quark Yukawa couplings arise from the first term, and one sees that without SU(4) symmetry breaking, M would
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• w.f. renormalization

• F.C. gauge couplings

• quark Yukawa coupling to Higgs

• commutator vanishes w/o SU(4) 

breaking in M
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IV. THE EFFECTIVE THEORY FOR TWO FAMILIES

At this point it is worth noting that numerically, given the parameters we chose in eq. (12),

(λf)2

M2
= 0.2 ,

√
2
λ2f

M
= 0.95 (51)

the Z matrices do not deviate very much from the unit matrix, while the overall scale of the Yukawa couplings is order
one. Thus O(1) M/M SU(4) breaking ensures a quark with mass like the top, while light quarks must be associated
with small SU(4) breaking. For a description for the light two families it is therefore reasonable to further expand
the mass matrices to linear order in M/M . The texture chosen for Mu,d chosen in Ref. [1], restricted to the first two
families, was

Mu =

�
Mu,11 0

0 Mu,22

�
Md =

�
Md,11 Md,12

0 Md,22

�
. (52)

with numerical values (from the phenomenological three family fit of Ref. [1], eq. (13), with the third family rows and
columns removed)

Mu =

�
0.01441071 0

0 6.96490

�
, Md =

�
0.0336607 0.137582

0 0.600984

�
. (two families) (53)

We see that numerically Mu,d/M � 10−2 ∼ �2, so for the two family case we are entirely justified in expanding to
leading order in this ratio. The benefit is that we can analyze the theory analytically and avoid any numerical fits.

By expanding our formula eq. (23) for the SM quark mass matrices to linear order in Mu,d we arrive at a very
simple formula,

M
SM
up � − 4(λf)2

M2 + (λf)2
vu

f
Mu , M

SM
down � − 4(λf)2

M2 + (λf)2
vd

f
Md , (54)

with corrections of O(M/M). In this form it should be clear why the SU(4) breaking mass terms Mu,d for the vector
fermions Ψ were given their respective subscripts.

Given the form eq. (54) for the SM quark mass matrices, it is possible to exactly solve for all five entries in Mu,d

in terms of the five SM parameters mu,d,s,c and sin θc, where θc is the Cabibbo angle, and not have to rely on a
numerical fit. Expanding the Md solutions in powers of (md/ms)2 one finds

Md,11 = ρd md sec θc

�
1−

�
md

ms

�2 tan2 θc
2

+ . . .

�
, Mu,11 = ρu mu ,

Md,12 = ρd ms sin θc

�
1−

�
md

ms

�2 1 + sec2 θc
2

+ . . .

�
, Mu,22 = ρu mc ,

Md,22 = ρd ms cos θc

�
1 +

�
md

ms

�2 tan2 θc
2

+ . . .

�
,

(55)

with

ρu,d ≡ M2 + (λf)2

4(λf)2
f

vu,d
. (56)

(For vu = vd = 172 GeV, M = 5 TeV, f = 1.5 TeV, λ = 1.5, one finds ρu = ρd � 13.) These formulas agree with the
numerical values given in eq. (53) to within roughly 1% , using values for the quark masses scaled up to 1 TeV (in
GeV, from Ref. [13]):

mc = 5.32× 10−1
mu = 1.10× 10−3

ms = 4.69× 10−2
md = 2.50× 10−3

(57)

The errors incurred in dropping subleading terms in eq. (54) from the M/M expansion are seen to be parametrically
of order ρms/M ∼ 10−4; the main source of the 1% discrepancy between eq. (54) and eq. (??) is due to the latter
being obtained from a three-family fit where mixing between the second and third families plays a noticeable role.

Restricting to the 2 light families, we find

Assuming the texture: 
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with corrections of O(M/M). In this form it should be clear why the SU(4) breaking mass terms Mu,d for the vector
fermions Ψ were given their respective subscripts.

Given the form eq. (54) for the SM quark mass matrices, it is possible to exactly solve for all five entries in Mu,d

in terms of the five SM parameters mu,d,s,c and sin θc, where θc is the Cabibbo angle, and not have to rely on a
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(55)

with

ρu,d ≡ M2 + (λf)2
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f
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. (56)

(For vu = vd = 172 GeV, M = 5 TeV, f = 1.5 TeV, λ = 1.5, one finds ρu = ρd � 13.) These formulas agree with the
numerical values given in eq. (53) to within roughly 1% , using values for the quark masses scaled up to 1 TeV (in
GeV, from Ref. [13]):
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(57)

The errors incurred in dropping subleading terms in eq. (54) from the M/M expansion are seen to be parametrically
of order ρms/M ∼ 10−4; the main source of the 1% discrepancy between eq. (54) and eq. (??) is due to the latter
being obtained from a three-family fit where mixing between the second and third families plays a noticeable role.

we can fit these five real parameters to mu, md, mc, ms, sinθc:
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one. Thus O(1) M/M SU(4) breaking ensures a quark with mass like the top, while light quarks must be associated
with small SU(4) breaking. For a description for the light two families it is therefore reasonable to further expand
the mass matrices to linear order in M/M . The texture chosen for Mu,d chosen in Ref. [1], restricted to the first two
families, was

Mu =

�
Mu,11 0

0 Mu,22

�
Md =

�
Md,11 Md,12

0 Md,22

�
. (52)

with numerical values (from the phenomenological three family fit of Ref. [1], eq. (13), with the third family rows and
columns removed)

Mu =

�
0.01441071 0

0 6.96490

�
, Md =

�
0.0336607 0.137582

0 0.600984

�
. (two families) (53)

We see that numerically Mu,d/M � 10−2 ∼ �2, so for the two family case we are entirely justified in expanding to
leading order in this ratio. The benefit is that we can analyze the theory analytically and avoid any numerical fits.

By expanding our formula eq. (23) for the SM quark mass matrices to linear order in Mu,d we arrive at a very
simple formula,

M
SM
up � − 4(λf)2

M2 + (λf)2
vu

f
Mu , M

SM
down � − 4(λf)2

M2 + (λf)2
vd

f
Md , (54)

with corrections of O(M/M). In this form it should be clear why the SU(4) breaking mass terms Mu,d for the vector
fermions Ψ were given their respective subscripts.

Given the form eq. (54) for the SM quark mass matrices, it is possible to exactly solve for all five entries in Mu,d

in terms of the five SM parameters mu,d,s,c and sin θc, where θc is the Cabibbo angle, and not have to rely on a
numerical fit. Expanding the Md solutions in powers of (md/ms)2 one finds

Md,11 = ρd md sec θc

�
1−

�
md

ms

�2 tan2 θc
2

+ . . .

�
, Mu,11 = ρu mu ,

Md,12 = ρd ms sin θc

�
1−

�
md

ms

�2 1 + sec2 θc
2

+ . . .

�
, Mu,22 = ρu mc ,

Md,22 = ρd ms cos θc

�
1 +

�
md

ms

�2 tan2 θc
2

+ . . .

�
,

(55)

with

ρu,d ≡ M2 + (λf)2

4(λf)2
f

vu,d
. (56)

(For vu = vd = 172 GeV, M = 5 TeV, f = 1.5 TeV, λ = 1.5, one finds ρu = ρd � 13.) These formulas agree with the
numerical values given in eq. (53) to within roughly 1% , using values for the quark masses scaled up to 1 TeV (in
GeV, from Ref. [13]):

mc = 5.32× 10−1
mu = 1.10× 10−3

ms = 4.69× 10−2
md = 2.50× 10−3

(57)

The errors incurred in dropping subleading terms in eq. (54) from the M/M expansion are seen to be parametrically
of order ρms/M ∼ 10−4; the main source of the 1% discrepancy between eq. (54) and eq. (??) is due to the latter
being obtained from a three-family fit where mixing between the second and third families plays a noticeable role.
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(For vu = vd = 172 GeV, M = 5 TeV, f = 1.5 TeV, λ = 1.5, one finds ρu = ρd � 13.) These formulas agree with the
numerical values given in eq. (53) to within roughly 1% , using values for the quark masses scaled up to 1 TeV (in
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~13 for our parameters, vu=vd
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With this fit, mass diagonalization requires rotations of d quarks:

10

Since Mu is diagonal in the ansatz eq. (52), the rotation matrices that rotate the left handed down quarks to the

mass eigenstate basis is simply the Cabibbo rotation, while the right handed down quark rotation is easily computed

in terms of θc and md/ms:

Ld =

�
cos θc sin θc

− sin θc cos θc

�
, Rd =

�
cos θr sin θr

− sin θr cos θr

�
, sin θr = tan θc

md

ms

�
1−

�
md

ms

�2
tan θ2c

2
+ . . .

�
. (58)

V. THE EFFECTIVE THEORY FOR THREE FAMILIES

A linear expansion in Mu,d does not work well for the three family model - the results for the 1st and 2nd generation

are very good; results for anything involving the 3rd generation have large errors, in masses, CKM matrix elements

and the gauge currents.

Recognizing that the {3, 3} component of Mu is of roughly the same size as M , we get a better approximation to

the exact answer if we treat the two as the same order and expand the expressions in eq. (23) to linear order in the

rest of Mu and all of Md. This requires a careful treatment of the inverse square roots in ZL,R. We use the identity

� ∞

0

sp−1

1 + s2x
ds =

π sec[(p− 1)π/2]

2
x
−p/2

(59)

with p = 1 to write for general matrices A, B and small parameter �,

1√
A+ �B

=
2

π

� ∞

0

1

1 + s2A+ �s2B
ds

=
2

π

∞�

n=0

� ∞

0

1

1 + s2A

�
−�s2B

1

1 + s2A

�n

ds

=
1√
A

− �
2

π

� ∞

0

1

1 + s2A
B

1

1 + s2A
s
2
ds+O(�2) (60)

Using this expansion and the numerical values in eq. (13), we find we get all the quark masses and CKM angles to

2% accuracy or better.

An interesting feature of this model then is that the Mu,d matrices can be built with interesting texture, but that

third family properties do not depend on these matrices linearly. One can imagine a Froggatt-Nielsen scenario [15] for

how these matrices arise from flavor symmetry spurions, however third family properties will be nonlinear functions

of these spurions, in contrast to conventional realizations.

One disadvantage of treating all of Md perturbatively is that all the down type masses are O(�), which forces a

numerical evaluation of the zeroth order eigenstates. If instead, we treat Md
33 as on the same order as Mu

33, we can

apply perturbation theory to both mates matrices. In essence, we will take

M + auM
u
+ adM

d
=




M

M

M̃



+ au




Mu

11 Mu
13

Mu
22

Mu
32



+ ad




Md

12 Md
12

Md
22 Md

23



 (61)

where M̃ = M + auM
u
33 + adM

d

A. Mass Matrices

We expanding the standard model mass matrices, Eq. eq. (23), using the integral form for the square root of a

matrix. In order to calculate the left and right handed eigenvectors, we use the standard method of diagonalizing

MsmM†
sm and M†

smMsm, which are hermition; we can apply Rayleigh-Schrödinger (RS) perturbation theory. Two

complications exist: the degeneracy between the two lighter families is lifted at O(�2) and the perturbation has the

form �V1 + �2V2 + . . . . Both complications can be overcome with a careful application of RS perturbation theory.

The exact form of the first order corrections to the eigenvectors is derived in the appendix.

10

Since Mu is diagonal in the ansatz eq. (52), the rotation matrices that rotate the left handed down quarks to the

mass eigenstate basis is simply the Cabibbo rotation, while the right handed down quark rotation is easily computed

in terms of θc and md/ms:

Ld =

�
cos θc sin θc

− sin θc cos θc

�
, Rd =

�
cos θr sin θr

− sin θr cos θr

�
, sin θr = tan θc

md

ms

�
1−

�
md

ms

�2
tan θ2c

2
+ . . .

�
. (58)

V. THE EFFECTIVE THEORY FOR THREE FAMILIES

A linear expansion in Mu,d does not work well for the three family model - the results for the 1st and 2nd generation

are very good; results for anything involving the 3rd generation have large errors, in masses, CKM matrix elements

and the gauge currents.

Recognizing that the {3, 3} component of Mu is of roughly the same size as M , we get a better approximation to

the exact answer if we treat the two as the same order and expand the expressions in eq. (23) to linear order in the

rest of Mu and all of Md. This requires a careful treatment of the inverse square roots in ZL,R. We use the identity

� ∞

0

sp−1

1 + s2x
ds =

π sec[(p− 1)π/2]

2
x
−p/2

(59)

with p = 1 to write for general matrices A, B and small parameter �,

1√
A+ �B

=
2

π

� ∞

0

1

1 + s2A+ �s2B
ds

=
2

π

∞�

n=0

� ∞

0

1

1 + s2A

�
−�s2B

1

1 + s2A

�n

ds

=
1√
A

− �
2

π

� ∞

0

1

1 + s2A
B

1

1 + s2A
s
2
ds+O(�2) (60)

Using this expansion and the numerical values in eq. (13), we find we get all the quark masses and CKM angles to

2% accuracy or better.

An interesting feature of this model then is that the Mu,d matrices can be built with interesting texture, but that

third family properties do not depend on these matrices linearly. One can imagine a Froggatt-Nielsen scenario [15] for

how these matrices arise from flavor symmetry spurions, however third family properties will be nonlinear functions

of these spurions, in contrast to conventional realizations.

One disadvantage of treating all of Md perturbatively is that all the down type masses are O(�), which forces a

numerical evaluation of the zeroth order eigenstates. If instead, we treat Md
33 as on the same order as Mu

33, we can

apply perturbation theory to both mates matrices. In essence, we will take

M + auM
u
+ adM

d
=




M

M

M̃



+ au




Mu

11 Mu
13

Mu
22

Mu
32



+ ad




Md

12 Md
12

Md
22 Md

23



 (61)

where M̃ = M + auM
u
33 + adM

d

A. Mass Matrices

We expanding the standard model mass matrices, Eq. eq. (23), using the integral form for the square root of a

matrix. In order to calculate the left and right handed eigenvectors, we use the standard method of diagonalizing
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complications exist: the degeneracy between the two lighter families is lifted at O(�2) and the perturbation has the
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Note: small angle

Using the w.f. correction term & these rotations, can compute all of the 
flavor dependence in gauge boson couplings to linear order in the light 
Yukawa couplings...

Tuesday, January 28, 2014



David B. Kaplan ~ U.C. Irvine ~ Jan 27, 2014

7

The exotic gauge bosons have non-trivial flavor structure. In the flavor basis, the couplings are given by

Z ��
L =

1

ZL,q
g�

tan γ1

�
1− (λf)2 cot

2 γ1

M†
q Mq

�
Ŷ , Z ��

R,i =
1

ZR
g�

tan γ1

�
1− (λf)2 cot

2 γ1

MQM†
Q

�
Ŷ (34)

Z �
L =

1

ZL,q
g tan γ2

�
1− (λf)2 cot

2 γ2

M†
q Mq

�
T̂3, Z �

R = 0 (35)

W �
=

1

ZL,q

g tan γ2

2
√

2

�
1− (λf)2 cot

2 γ2

M†
q Mq

�
, W �

R = 0 (36)

where Y and T3 are the SM SU(2)⊗ U(1) operators and ZR and MQ have the following SU(2) structure

ZR =

�
ZR,U 0

0 ZR,D

�
, MQ =

�
MU 0

0 MD

�
. (37)

Once we expand the gauge couplings to linear order in Mu,d/M , we can rotate into the quark mass basis. The

rotation from flavor to mass basis for the up type quarks is trivial. We will present the calculation explicitly for the

Z ��
L,U coupling.

Z ��
L,u = L†

u
1

ZL,q

g� tan γ1

6

�
1− (λf)2 cot

2 γ1

M†
q Mq

�
Lu

=
g� tan γ1

6

M2 − f2λ2 cot
2 γ1

M2 + f2λ2
+

g� tan γ1

6

Mf2λ2

(M2 + f2λ2)
2

�
Mu +M†

u +Md +M†
d

�

=
g�

6
βγ1

�
1 +

ζγ1

vu

�
2 (mu + md sec θc) ms sin θc

ms sin θc 2 (mc + ms cos θc)

��

(38)

where we have kept only the leading order pieces in md/ms.The parameters β and ζ are defined by

βγ = tan γ
M2 − f2λ2 cot

2 γ1

M2 + f2λ2
, ζγ =

f

4M

1 + cot
2 γ

1− f2λ2

M2 cot
2 γ

(39)

For the value of the parameters given above, βγ1,2 � −.06, ζγ1,2 ∼ −3. Therefore, the up type gauge couplings in the

quark mass basis, expanded to linear order inM/M are

Z ��
L,u =

g�

6
βγ1

�
1 +

ζγ1

vu

�
2 (mu + md sec θc) ms sin θc

ms sin θc 2 (mc + ms cos θc)

��

Z ��
R,u =

2g�

3
βγ1

�
1 +

ζγ1

vu

�
2 (md sec θc − 3mu) ms sin θc

ms sin θc 2 (ms cos θc − 3mc)

��

Z �
L,u =

g

2
βγ2

�
1 +

ζγ2

vu

�
2 (mu + md sec θc) ms sin θc

ms sin θc 2 (mc + ms cos θc)

��

(40)

The down quark gauge boson couplings are more complicated, due to the existence of non-trivial rotation matrixes.

These couplings are

Z ��
L,d =

g�

6
βγ1

�
1 +

ζγ1

vd

�
2 cos θc (mu + md cos θc + mc tan θc sin θc) − sin θc (2mc cos θc + ms)

− sin θc (2mc cos θc + ms) 2 cos θc (ms + mc cos θc)

��

Z ��
R,d = −g�

3
βγ1

�
1 +

ζγ1

vd

�
2 (mu − 3md cos θc) 3 sin θc (2md −ms)− 2

md
ms

mc tan θc

3 sin θc (2md −ms)− 2
md
ms

mc tan θc 2 (mc − 3ms cos θc)

��

Z �
L,d = −g�

2
βγ2

�
1 +

ζγ2

vd

�
2 cos θc (mu + md cos θc + mc tan θc sin θc) − sin θc (2mc cos θc + ms)

− sin θc (2mc cos θc + ms) 2 cos θc (ms + mc cos θc)

��

(41)
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where we have kept only the leading order pieces in md/ms.The parameters β and ζ are defined by

βγ = tan γ
M2 − f2λ2 cot

2 γ

M2 + f2λ2
, ζγ =

f

4M

1 + cot
2 γ

1− f2λ2

M2 cot
2 γ

(39)
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2
βγ2

�
1 +

ζγ2

vu

�
2 (mu + md sec θc) ms sin θc

ms sin θc 2 (mc + ms cos θc)

��

(40)

The down quark gauge boson couplings are more complicated, due to the existence of non-trivial rotation matrixes.

These couplings are

Z ��
L,d =

g�

6
βγ1

�
1 +

ζγ1

vd

�
2 cos θc (mu + md cos θc + mc tan θc sin θc) − sin θc (2mc cos θc + ms)

− sin θc (2mc cos θc + ms) 2 cos θc (ms + mc cos θc)

��

Z ��
R,d = −g�

3
βγ1

�
1 +

ζγ1

vd

�
2 (mu − 3md cos θc) 3 sin θc (2md −ms)− 2

md
ms

mc tan θc

3 sin θc (2md −ms)− 2
md
ms

mc tan θc 2 (mc − 3ms cos θc)

��

Z �
L,d = −g�

2
βγ2

�
1 +

ζγ2

vd

�
2 cos θc (mu + md cos θc + mc tan θc sin θc) − sin θc (2mc cos θc + ms)

− sin θc (2mc cos θc + ms) 2 cos θc (ms + mc cos θc)

��

(41)
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The exotic gauge bosons have non-trivial flavor structure. In the flavor basis, the couplings are given by

Z ��
L =

1

ZL,q
g�

tan γ1

�
1− (λf)2 cot

2 γ1

M†
q Mq

�
Ŷ , Z ��

R,i =
1

ZR
g�

tan γ1

�
1− (λf)2 cot

2 γ1

MQM†
Q

�
Ŷ (34)

Z �
L =

1

ZL,q
g tan γ2

�
1− (λf)2 cot

2 γ2

M†
q Mq

�
T̂3, Z �

R = 0 (35)

W �
=

1

ZL,q

g tan γ2

2
√

2

�
1− (λf)2 cot

2 γ2

M†
q Mq

�
, W �

R = 0 (36)

where Y and T3 are the SM SU(2)⊗ U(1) operators and ZR and MQ have the following SU(2) structure

ZR =

�
ZR,U 0

0 ZR,D

�
, MQ =

�
MU 0

0 MD

�
. (37)

Once we expand the gauge couplings to linear order in Mu,d/M , we can rotate into the quark mass basis. The

rotation from flavor to mass basis for the up type quarks is trivial. We will present the calculation explicitly for the

Z ��
L,U coupling.

Z ��
L,u = L†

u
1

ZL,q

g� tan γ1

6

�
1− (λf)2 cot

2 γ1

M†
q Mq

�
Lu

=
g� tan γ1

6

M2 − f2λ2 cot
2 γ1

M2 + f2λ2
+

g� tan γ1

6

Mf2λ2

(M2 + f2λ2)
2

�
Mu +M†

u +Md +M†
d

�

=
g�

6
βγ1

�
1 +

ζγ1

vu

�
2 (mu + md sec θc) ms sin θc

ms sin θc 2 (mc + ms cos θc)

��

(38)

where we have kept only the leading order pieces in md/ms.The parameters β and ζ are defined by

βγ = tan γ
M2 − f2λ2 cot

2 γ

M2 + f2λ2
, ζγ =

f

4M

1 + cot
2 γ

1− f2λ2

M2 cot
2 γ

(39)

For the value of the parameters given above, βγ1,2 � −.06, ζγ1,2 ∼ −3. Therefore, the up type gauge couplings in the

quark mass basis, expanded to linear order inM/M are

Z ��
L,u =

g�

6
βγ1

�
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ζγ1

vu

�
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ms sin θc 2 (mc + ms cos θc)

��

Z ��
R,u =
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��
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ms sin θc 2 (mc + ms cos θc)

��

(40)

The down quark gauge boson couplings are more complicated, due to the existence of non-trivial rotation matrixes.

These couplings are

Z ��
L,d =

g�

6
βγ1

�
1 +

ζγ1

vd

�
2 cos θc (mu + md cos θc + mc tan θc sin θc) − sin θc (2mc cos θc + ms)

− sin θc (2mc cos θc + ms) 2 cos θc (ms + mc cos θc)

��

Z ��
R,d = −g�

3
βγ1

�
1 +

ζγ1

vd

�
2 (mu − 3md cos θc) 3 sin θc (2md −ms)− 2

md
ms

mc tan θc

3 sin θc (2md −ms)− 2
md
ms

mc tan θc 2 (mc − 3ms cos θc)
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Z �
L,d = −g�

2
βγ2

�
1 +

ζγ2
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�
2 cos θc (mu + md cos θc + mc tan θc sin θc) − sin θc (2mc cos θc + ms)

− sin θc (2mc cos θc + ms) 2 cos θc (ms + mc cos θc)

��

(41)

For example: flavor couplings of the lighter Z’’ (~ 750 GeV):

� −0.06

� 2.8

for:
M=5 TeV
f=1.5 TeV
λ=1.5
γ=π/8
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small of FCNC due to:
•small Yukawas, θc

•small β
•...but not MFV

7

The exotic gauge bosons have non-trivial flavor structure. In the flavor basis, the couplings are given by

Z ��
L =

1

ZL,q
g�

tan γ1

�
1− (λf)2 cot

2 γ1

M†
q Mq

�
Ŷ , Z ��

R,i =
1

ZR
g�

tan γ1

�
1− (λf)2 cot

2 γ1

MQM†
Q

�
Ŷ (34)

Z �
L =

1

ZL,q
g tan γ2

�
1− (λf)2 cot

2 γ2

M†
q Mq

�
T̂3, Z �

R = 0 (35)

W �
=

1

ZL,q

g tan γ2

2
√

2

�
1− (λf)2 cot

2 γ2

M†
q Mq

�
, W �

R = 0 (36)

where Y and T3 are the SM SU(2)⊗ U(1) operators and ZR and MQ have the following SU(2) structure

ZR =

�
ZR,U 0

0 ZR,D

�
, MQ =

�
MU 0

0 MD

�
. (37)

Once we expand the gauge couplings to linear order in Mu,d/M , we can rotate into the quark mass basis. The

rotation from flavor to mass basis for the up type quarks is trivial. We will present the calculation explicitly for the

Z ��
L,U coupling.

Z ��
L,u = L†

u
1

ZL,q

g� tan γ1

6

�
1− (λf)2 cot

2 γ1

M†
q Mq

�
Lu

=
g� tan γ1

6

M2 − f2λ2 cot
2 γ1

M2 + f2λ2
+

g� tan γ1

6

Mf2λ2

(M2 + f2λ2)
2

�
Mu +M†

u +Md +M†
d

�

=
g�

6
βγ1

�
1 +

ζγ1

vu

�
2 (mu + md sec θc) ms sin θc

ms sin θc 2 (mc + ms cos θc)

��

(38)

where we have kept only the leading order pieces in md/ms.The parameters β and ζ are defined by

βγ = tan γ
M2 − f2λ2 cot

2 γ1

M2 + f2λ2
, ζγ =

f

4M

1 + cot
2 γ

1− f2λ2

M2 cot
2 γ

(39)

For the value of the parameters given above, βγ1,2 � −.06, ζγ1,2 ∼ −3. Therefore, the up type gauge couplings in the

quark mass basis, expanded to linear order inM/M are

Z ��
L,u =

g�

6
βγ1

�
1 +

ζγ1

vu

�
2 (mu + md sec θc) ms sin θc

ms sin θc 2 (mc + ms cos θc)

��

Z ��
R,u =

2g�

3
βγ1

�
1 +

ζγ1

vu

�
2 (md sec θc − 3mu) ms sin θc

ms sin θc 2 (ms cos θc − 3mc)

��

Z �
L,u =

g

2
βγ2

�
1 +

ζγ2

vu

�
2 (mu + md sec θc) ms sin θc

ms sin θc 2 (mc + ms cos θc)

��

(40)

The down quark gauge boson couplings are more complicated, due to the existence of non-trivial rotation matrixes.

These couplings are

Z ��
L,d =

g�

6
βγ1

�
1 +

ζγ1

vd

�
2 cos θc (mu + md cos θc + mc tan θc sin θc) − sin θc (2mc cos θc + ms)

− sin θc (2mc cos θc + ms) 2 cos θc (ms + mc cos θc)

��

Z ��
R,d = −g�

3
βγ1

�
1 +

ζγ1

vd

�
2 (mu − 3md cos θc) 3 sin θc (2md −ms)− 2

md
ms

mc tan θc

3 sin θc (2md −ms)− 2
md
ms

mc tan θc 2 (mc − 3ms cos θc)

��

Z �
L,d = −g�

2
βγ2

�
1 +

ζγ2

vd

�
2 cos θc (mu + md cos θc + mc tan θc sin θc) − sin θc (2mc cos θc + ms)

− sin θc (2mc cos θc + ms) 2 cos θc (ms + mc cos θc)

��

(41)
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The exotic gauge bosons have non-trivial flavor structure. In the flavor basis, the couplings are given by
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Ŷ (34)
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1
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R = 0 (35)
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=

1
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2
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2
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1− (λf)2 cot

2 γ2

M†
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�
, W �

R = 0 (36)

where Y and T3 are the SM SU(2)⊗ U(1) operators and ZR and MQ have the following SU(2) structure

ZR =

�
ZR,U 0

0 ZR,D

�
, MQ =

�
MU 0

0 MD

�
. (37)

Once we expand the gauge couplings to linear order in Mu,d/M , we can rotate into the quark mass basis. The

rotation from flavor to mass basis for the up type quarks is trivial. We will present the calculation explicitly for the

Z ��
L,U coupling.

Z ��
L,u = L†

u
1

ZL,q

g� tan γ1

6

�
1− (λf)2 cot

2 γ1

M†
q Mq

�
Lu

=
g� tan γ1

6

M2 − f2λ2 cot
2 γ1

M2 + f2λ2
+

g� tan γ1

6

Mf2λ2

(M2 + f2λ2)
2

�
Mu +M†

u +Md +M†
d

�

=
g�

6
βγ1

�
1 +

ζγ1
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�
2 (mu + md sec θc) ms sin θc

ms sin θc 2 (mc + ms cos θc)

��

(38)

where we have kept only the leading order pieces in md/ms.The parameters β and ζ are defined by

βγ = tan γ
M2 − f2λ2 cot

2 γ

M2 + f2λ2
, ζγ =

f

4M

1 + cot
2 γ

1− f2λ2

M2 cot
2 γ

(39)

For the value of the parameters given above, βγ1,2 � −.06, ζγ1,2 ∼ −3. Therefore, the up type gauge couplings in the

quark mass basis, expanded to linear order inM/M are

Z ��
L,u =

g�

6
βγ1

�
1 +

ζγ1

vu

�
2 (mu + md sec θc) ms sin θc

ms sin θc 2 (mc + ms cos θc)

��

Z ��
R,u =

2g�

3
βγ1

�
1 +

ζγ1
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�
2 (md sec θc − 3mu) ms sin θc

ms sin θc 2 (ms cos θc − 3mc)
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Z �
L,u =
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�
1 +
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��

(40)

The down quark gauge boson couplings are more complicated, due to the existence of non-trivial rotation matrixes.

These couplings are

Z ��
L,d =

g�

6
βγ1

�
1 +

ζγ1

vd

�
2 cos θc (mu + md cos θc + mc tan θc sin θc) − sin θc (2mc cos θc + ms)

− sin θc (2mc cos θc + ms) 2 cos θc (ms + mc cos θc)

��

Z ��
R,d = −g�

3
βγ1

�
1 +

ζγ1

vd

�
2 (mu − 3md cos θc) 3 sin θc (2md −ms)− 2

md
ms

mc tan θc

3 sin θc (2md −ms)− 2
md
ms

mc tan θc 2 (mc − 3ms cos θc)

��

Z �
L,d = −g�

2
βγ2

�
1 +

ζγ2

vd
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2 cos θc (mu + md cos θc + mc tan θc sin θc) − sin θc (2mc cos θc + ms)
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��

(41)

� −0.06
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So what have you just seen?

A predictive theory of flavor
phenomenolog

ical

quarksmodel
scenario

• A model to explain how 3 families can arise from the dispersion relation 
of 5D fermions...but no satisfactory renormalizable formulation.

• A model with a novel set of flavor symmetries in a 4D theory

• U(3) flavor symmetry explains hierarchies,

• SU(4) symmetry on Dirac quarks + PGB nature of Higgs explains 
why quarks are light

• flavor symmetries interplay with EW symmetry breaking

• Natural flavor @ few TeV scale with very small FCNC
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Little Flavor pros:

• New flavor symmetry to explore: nonlinear, not chiral, 
connected to the Higgs

• Can try to build flavor models at the few TeV scale

• FCNC are suppressed enough, but possibly visible

• Extra EW gauge bosons to discover

Little Flavor cons:

• Radiative corrections to Yukawa couplings in simplest model 
raise light quark masses to ~ 100 MeV

• Little Higgs potential needs work -- sort of ugly, need to get rid 
of the η

• Needs leptons with Z’, Z’’ being leptophobic

• Would like a more predictive framework for flavor
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